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Multimode circular integrated optical microresonators
Coupled mode theory modeling

Kirankumar Hiremath, Remco Stoffer, Manfred Hammer,
MESA+ Research Institute, University of Twente, Enschede, The Netherlands

Microresonators

• Due to their superior selectivity, compactness, and possibility of dense
integration, optical microresonators (MRs) become attractive for appli-
cations as wavelength add/drop filters on photonic chips.
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• We model a microresonator by decomposing it into two couplers,
which are connected by two segments of the cavity; external con-
nections are provided by straight waveguides.
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b

B

]

= SI

[

a

A

] [

d

D

]

= SII
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]

cp = bp e−iγpL1

ap = dp e−iγpL2

• Given inputs P
q

I = |Aq|
2 and P

q
A = |Cq|

2, find outputs P
q

T = |Bq|
2 and

P
q

D = |Dq|
2. Solve the above linear system of equations for Bq and Dq.

• Prerequisites: propagation constants γp, scattering matrices SI, SII

• Building blocks: analytic bend modes + coupled mode theory based
model of couplers

Bent waveguides / Curved dielectric interfaces
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• Field ansatz: real ω and complex γ = β − iα

E = (E0

r (r), E0

y(r), E0

θ (r)) ei(ωt − γRθ)

H = (H0

r (r), H0

y (r), H0

θ (r)) ei(ωt − γRθ)

• Bessel equation for φ = E0

y (TE) or H0

y (TM):

r2
∂2φ

∂r2
+ r

∂φ

∂r
+ (n2k2

0
r2 − γ2R2)φ = 0

• Piecewise field ansatz + Dielectric interface conditions
 Dispersion equation

• Dispersion equation + Complex order Bessel functions
 Analytic bend modes
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|E0

y | and real physical Ey field for a cavity with nc = 1.5, nb = 1.0, R = 5 µm, λ = 1.05 µm.

Multimode couplers
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• Coupled Mode ansatz: Cbp, Csq unknown amplitudes
[

E(x, z)

H(x, z)

]

=

Nb
∑

p=1

Cbp(z)

[

Ebp(x, z)

Hbp(x, z)

]

+

Ns
∑

q=1

Csq(z)

[

Esq(x, z)

Hsq(x, z)

]

• Lorentz reciprocity theorem 7→ coupled mode equations

M(z) · dzC(z) = F(z) · C(z)

Mvp,wq =
〈

Evp,Hvp;Ewq,Hwq

〉

=

∫

az ·
(

Evp × H
∗
wq + E

∗
wq ×Hvp

)

dx

Fvp,wq =

∫

(ε − εv)Evp · E
∗
wqdx

• Numerical solution C(zo) = T · C(zi)

• Project the coupled fields onto the straight
waveguide modes: T S

Bq =



Csq(zo) +

Nb
∑

p=1

Cbp(zo)

〈

Ebp,Hbp;Esq,Hsq

〉

〈

Esq,Hsq;Esq,Hsq

〉

∣

∣

∣

∣
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Effect of projection

• Effect of inclusion of higher order modes on S
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2 3 41Number of cavity modes used in CMT

• Evolution of S

−4 −2 0 2 4

0.2

0.4

0.6

0.8

1

|S
s0,b0

|2
|S

s0,b1
|2

|S
s0,b2

|2
|S

s0,s0
|2

z µm

������
������
������
������
������
������
������
������

 �  � 
 �  � 
 �  � 
 �  � 
 �  � 
 �  � 
 �  � 
 �  � 

−4 −2 0 2 4

0.2

0.4

0.6

0.8

1

|S
b2,b0

|2
|S

b2,b1
|2

|S
b2,b2

|2
|S

b2,s0
|2

z µm

!�!!�!
!�!!�!
!�!!�!
!�!!�!
!�!!�!
!�!!�!
!�!!�!
!�!!�!

"�""�"
"�""�"
"�""�"
"�""�"
"�""�"
"�""�"
"�""�"
"�""�"

−4 −2 0 2 4

0.2

0.4

0.6

0.8

1

|S
b1,b0

|2
|S

b1,b1
|2

|S
b1,b2

|2
|S

b1,s0
|2

z µm

#�#�##�#�##�#�##�#�##�#�##�#�##�#�##�#�##�#�##�#�##�#�##�#�##�#�##�#�##�#�##�#�#

$�$$�$
$�$$�$
$�$$�$
$�$$�$
$�$$�$
$�$$�$
$�$$�$
$�$$�$

−4 −2 0 2 4

0.2

0.4

0.6

0.8

1

z µm

|S
b0,b0

|2
|S

b0,b1
|2

|S
b0,b2

|2
|S

b0,s0
|2

• Variation of S with the gap width
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|Svp,wq|
2 represents the power transfer from mode wq to mode vp. Parameters: nc = ns = 1.5, nb = 1.0,

R = 5 µm, g = 0.2 µm, ws = 0.4 µm. Simulations with 3 cavity modes, 1 straight waveguide mode.

Microresonator spectra
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Power spectra for a 2D disk MR with nc = ns = 1.5, nb = 1.0, ws = 0.4 µm, R = 5 µm, g1 = g2 = 0.2 µm.
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TE fields |Ey| for the CMT MR simulations with 3 cavity modes. From left to right: at resonance corre-
sponding to the fundamental mode, resonance corresponding to the first order mode and off resonance.

Conclusions

• Role of the individual cavity modes can be clearly identified.

• Quite accurate results with just few dominant cavity modes.

• Low computational effort.
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