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FROM RECURSION OPERATORS TO HAMILTONIAN
STRUCTURES. THE FACTORIZATION METHOD.

P. KERSTEN AND I. KRASIL'SHCHIK

ABSTRACT. We describe a simple algorithmic method of constructing Hamil-
tonian structures for nonlinear PDE. Our approach is based on the geometrical
theory of nonlinear differential equations and is in a sense inverse to the well-
known Magri scheme. As an illustrative example, we take the KdV equation
and the Boussinesq equation. Further applications, including construction of
previously unknown Hamiltonian structures, are in preparation.
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INTRODUCTION

The most popular method of establishing integrability of a partial differential
equation is construction (or, rather, revealing) of a bi-Hamiltonian structure, [2, 3,
9, 10], we stick to the common terminology). The scheme itself seems to be quite
clear and well-tested; nevertheless one may certainly meet (and meets!) serious
technical difficulties in particular applications. These difficulties become even more
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Key words and phrases. nonlinear partial differential equations, symmetries, conservation laws,
recursion operators, Hamiltonian structures, the KdV equation, the Boussinesq equation.
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2 P. KERSTEN AND I. KRASIL'SHCHIK

severe when dealing with supersymmetric systems (see examples of the latter in
[6, 7]) and construction of Hamiltonian operators for some of these systems still
remains a challenge. Computations also become quite complicated if Hamiltonian
operators happen to be nonlocal.

An alternative approach to Hamiltonian structures in the field theory (i.e, in
partial differential equations) was first formulated in [11] (see also [1]), but was
not widely accepted — probably, because it uses intricate techniques of differential
geometry [4] and homological algebra [12]. It is also worth to note that the crite-
ria of hamiltonianity given in [11] are rather complicated for finding Hamiltonian
structures, but quite convenient for checking whether a particular operator is a
Hamiltonian one.

The method described in this paper originates from a simple observation. The
bi-Hamiltonian property of equations is used for the following purposes:

(a) to establish existence of infinite series of conservation laws,

(b) to prove that they are in involution';

(c) to construct recursion operators for symmetries in the form R = H, 0 H, "
whatever the last factor means (here H; and Hs are the first and second
Hamiltonian structures respectively).

Since recursion operators are one of the outcomes of the scheme, why not to
reverse the procedure and to start with constructing R? One of the reasons for this
is the fact that to find R one needs only to solve rather simple linear equations
[7](while for Hamiltonian structures the equations are nonlinear). If we manage to
do it, let us try to decompose the result in two factors and check whether the first
one is a Hamiltonian structure. Moreover, as the reader will see, to find objects
of the form H ! is much simpler than H; itself (they are also described by linear
equations)! So, let us find H, ' and “divide” R by H,'. Then, knowing H», we
“divide” it by R and find H;. Surprisingly, these naive scheme works, and works
efficiently.

In Section 1 we introduce the main concepts used in the paper. Section 2 de-
scribes our method of construction of Hamiltonian structures. Two examples of
illustrative nature are considered in Section 3. The first one is the classical KdV
equation, the second is the Boussinesq equation. We show that our method brings
us to the known Hamiltonian structures for these equations. In particular, it was
nice to obtain the tri-Hamiltonian structure of the Boussinesq equation in a straight-
forward way. Finally, Section 4 is devoted to the short discussion of the obtained
results.

Further applications of the method exposed here, including construction of pre-
viously unknown Hamiltonian structures, are in preparation and are to appear
elsewhere.

1. PRELIMINARIES

Adapted to our aims, we expose briefly the basics of geometrical theory of nonlin-
ear PDE and deformational approach to recursion operators. A detailed exposition
can be found in the monographs [4] and [7].

L(a)+(b)=complete integrability.



CONSTRUCTION OF HAMILTONIAN OPERATORS 3

1.1. Equations. Though everything exposed below remains valid in the general
case, we restrict ourselves to the case of evolutionary equations (or systems) in one
space variable

ut:f(t,a:,u,ul,...,uk), (1)
where us = 0°u/0x® and both u and f may be understood as vector-functions
wl, ... u™, fl,. .., f™ in the case of systems.

We shall work in the “on-shell” setting. Effectively, this means that using equa-
tion (1) and all its differential consequences we express all partial derivatives con-
taining ¢ in terms of us and thus arrive at the infinite-dimensional space £ (the
infinite prolongation of (1)) with the coordinates t, z, uo, - . -, us, - . ., where ug = u.
Though all these spaces are equivalent to each other, information about the initial
equation still remains encoded in the two vector fields on £

0
_%-“ZU

+ > Di(f Bus (3)

s>0

2)

called the total derivatives. These vector fields commute with each other while the
triple (£°°, D, D;) is an isomorphic image of (1). A differential operator on £
will be called a C-differential operator (or total differential operator) if it can be
expressed in terms of total derivatives.

An alternative way to describe the equation structure on £°° is to consider the
differential 1-forms

ws = dus —usy1de — D3 (f)dt, s=0,1,..., (4)

called the Cartan forms®. A vector field X on £ annihilates all Cartan form, i.e.,
X L ws = 0 for all s if and only if it is a linear combination of total derlvatlves.
X = gD, + hD;. Here _i denotes the inner product, contraction of vector fields
with differential forms.

1.2. Symmetries. We say that a vector field X on £ is vertical if it does not
contain 0/0z and 0/0t components: X = > X;0/0u,. Such a field is a symmetry
of equation (1) if it commutes with total derivative operators:

[X,D,] =0, [X, D] =0. (5)
From the first equation it follows that X is of the form

X = ZDS aus (6)

where ¢ is an arbitrary function on £ (here and below, by a function on £ we
understand a smooth function depending on finite number of variables z,t,u;). In

the case of systems, ¢ = (p!,...,p™) is a vector-functions and the corresponding
formula is
m [ee]
x-Sy i @
j=1 s=0 aus

2We shall also call w a Cartan form if it is a linear combination of ws.



4 P. KERSTEN AND I. KRASIL'SHCHIK

Vector fields of the form (6) or (7) will be called evolutionary and ¢ is called the
generating function of such a field. The evolutionary vector field with the generating
function ¢ will be denoted by 9,,.

The second condition in (5) means that a vector field D, is a symmetry if and
only if its generating function satisfies the equation

k
Dil9) = Y 5 Dile) ®)

where k is the order of equation (1). If a function ¢ satisfies (8), we shall say that
it is a symmetry of (1) meaning that D, is its symmetry. The operator

k
_ Of s
le = Dy — Z:; B D? 9)

is called the (universal) linearization operator for equation (1). Thus the symmetry
condition (8) may be rewritten as

le(p) = 0. (10)

Note that the R-vector space sym(E&) of symmetries is endowed by a Lie algebra
structure defined by
{0} = Do)~ Dy(p) (11)
and [Sw, 5¢] = 9{%11,}.
We also associate the linearization operator to any function ¢ = ¢ (t,z,u, ..., uy)
on £%° by setting

T a,¢}
Ly = D:. 12
v ; au. e (12)
If ¢ is a vector-valued function, then ¢, is a matrix operator of the form
T a¢a
Ly = —D?|.
=& o

Directly from definitions we have that linearizations are C-differential operators.
Note also that the identity

holds for all functions ¢ and .

Remark. There is a well-defined action of evolutionary vector fields on vector-func-
tions. This action is component-wise and is given by

690(5017 v '7508) = (690(501)7 sty 690(508))

1.3. Adjoint operators and variational derivative. For any matrix C-differ-
ential operator

A=Y (aij)iDiD]
i,j
we define its adjoint by
A* = Z(—l)H_]DiD; o (aij)g - (13)

7



CONSTRUCTION OF HAMILTONIAN OPERATORS 5

If A is an operator in D, only, the following simplified version of Green’s formula
holds

A(p) - ¢ = - A%(¢) = Da(n), (14)
i.e., for any ¢ and v there exists an n such that (14) holds.

The Euler operator, or variational derivative, of a function on £*° may be defined
by

1)
B(w) = 32 = £3), (15)
while in the coordinate form we have
) 0
B = 5 = S0 (5, (16)
s>0

If the number of dependent variables is > 1, say m, then E(¢) is an m-component
vector with the components

E()) = Z(—Dm)8(8—¢), i=1,...,m.

J
>0 ous

Let us mention two important properties of the Euler operator:

(1) E(¢) =0 if and only if ¢ = D, (¢) for some ¢;
(2) {=E(¥) if and only if £ = £;.

1.4. Conservation laws. A function ¢ is a conserved current for equation (1) if
there exists another function ( such that

A conserved current is called trivial if ) = D, () for some function p. Two currents
are said to be equivalent if their difference is trivial and the equivalence class of
currents is called a conservation law for (1). Denote the space of conservation laws
by cl(£).

Let ¢ be a conserved current. Then from Property (1) of the Euler operator
it follows that the function ¢ = E(¢) depends on the corresponding conservation
law only. It is called the generating function of this conservation law. Generating
functions of conservation laws for equation (1) satisfy the equation

tz(§) =0, (17)

where ¢ is given by (9), but not all solutions of (17) are generating functions of
conservation laws. From Property (2) it follows that £ should satisfy

le = £, (18)

Thus, to find a conservation law, one needs to solve equation (17) and check prop-
erty (18).

Remark. Evolutionary vector fields act on generating functions of conservation laws
and this action is expressed by the formula

Lo, () = Dy (¥) + £,(4), (19)

where 9, (1) is understood in the “usual” way.
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1.5. Nomnlocal structures. In many cases, the space of functions on £ is not
sufficient to describe the object arising naturally in applications (the reader will
see examples in Section 3, see also [8]). One of the ways to extend this space is to
introduce objects of the form [ ¢ dxz (or, as they are denoted sometimes, D1 (p)),
where ¢ is a function. A formal procedure to define these objects is as follows.

Let us add to the space of functions new variables wy, ..., w; and vector fields
0 0 0 0
X=X1—++Xj—, T=T1—+--+T1—
! 6w1 ! Bwl ! 6w1 ! a’u}l

satisfying the consistency conditions
[Dy, D] = D, (T) — Dy(X) + [X,T] =0 (20)

where

D, =D, + X, D,=D;+T

are extensions of the total derivatives to the “new” function space. The variables

wy, ..., w; satisfy the system of differential equations
wi gy = Xi(t,z,u,. .., us,w), (21)
wi,t:Ti(t,-T,u;---,us,w), (22)

and compatibility conditions are fulfilled on £ due to (20). We call wy, ..., w; the
nonlocal variables associated to conditions (20).

The simplest nonlocal variables arise in the case when [ = 1 and the functions
X = X; and T =T are independent of w. In this situation (20) reads

Dz(T) - Dt(X) =0,

i.e.,, X satisfies (20) if and only if it is a conserved current. Moreover, the corre-
sponding variable w is “really” nonlocal if and only if this current is nontrivial in
the sense of Subsection 1.4. By (21), w, = X, or w = D1 (X).

T

Note that any C-differential operator A =3_, . aijD;Dz can be extended to the
nonlocal setting by introducing the operator A = > ; aijD;D{. In particular, we
can consider the equations

le(p) =0 (23)
and

(6 =0 (24)
(nonlocal analogues of (10) and (17), respectively), whose solutions are generating
functions of nonlocal symmetries and nonlocal conservation laws.

1.6. Hamiltonian operators. Denote by gf(£) the space of generating functions
of conservation laws, i.e., the set of solutions of equation (17) and consider a C-
differential operator H
H: gf(&) = sym(E).
Then one may take the composition
HoE: (&) 2 gf(€) L sym(€)
and, using the natural action of the space sym(&) on cl(£), define the bracket
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where 1) and v’ are conservation laws, which is called the Poisson bracket associated
to the operator H. An operator H: gf(£) — sym(€) is called a Hamiltonian
operator (or Hamiltonian structure®) for equation (1) if

(1) the bracket {u,1'} i is skew-symmetric;
(2) it satisfies the Jacobi identity.

These two properties are reformulated in terms of the operator H in the following
way:
(1) Property (1) is equivalent to
H+H"=0. (26)
(2) Property (2) reads
[Ore), H] = lig) o H + H o by (27)
for all £ of the form ¢ = E(v)), i.e., such that {¢ = (}.

Two Hamiltonian operators H and H' are said to be compatible (or constitute
a pencil, [10]) if AH + A H' is a Hamiltonian operator for all A, \' € R. Equa-
tions possessing such structures are called bi-Hamiltonian. If H and H' are two
Hamiltonian operators, then, similar to (27), the condition of their compatibility is
written in the form

ey, H'1+ B, H] = liae) o H' + H' o lye) + L) © H + H o Uy gy (28)
Remark. Let us rewrite condition (27) in a different form:
Om(e) ©H —HoOne) =l o H + Holy), (29)
or
One) = b)) o H = Ho (Dne) + Holye)-
But the first factor at the left-hand side is the action of D (¢) on sym(&):

Lo, (0) = {9H@e), ) = One) — L) (p),
while the second factor at the right-hand side is the action of D g of gf(£), see
(19). Thus (27) is equivalent to

[LSH(E),H] =0. (30)
2. THE METHOD

Existence of a bi-Hamiltonian structure guarantees complete integrability of the
equation under consideration. Indeed, the celebrated F. Magri scheme [10] leads
to infinite number conservation laws in involution, i.e. such that {¢;,4¢;}g = 0.
Moreover, Property (2) of Hamiltonian structures means that the map H = H o
E: cl(€) — sym(€) is a Lie algebra homomorphism:

H({4,9'" ) = {H), H{')},
where the bracket at the right-hand side is given by (11). This leads to the existence
of infinite series of commuting symmetries which can be obtained by action of the
recursion operator R = H' o H~! when the second factor makes sense.
We offer a very simple scheme that is inverse to Magri’s one. Using techniques
of [7], we start with a recursion operator and use the latter for construction of
Hamiltonian structures.

3Though it would be better to call it a Poisson structure.
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2.1. Relation between C-differential operators and Cartan forms. Let A =
>i Qi Di D] be a C-differential operator on equation (1). Then the action of such
an operator on Cartan forms (4) is well defined by

A(ws) = Y- iy Dol - (Do(Dil-. (Dy(er))))) --)

~~

i times j times
due to the fact that D, & wy = D¢ o wq = 0 for any Cartan form wy,.
In particular, we can define the map

e: CDIff(€) — CAL(E) (31)

from the space of all C-differential operators on our equation to the space of all
Cartan forms by setting

e(A) = A(wo), A € CDiff(&).
This map possesses the following properties
(1) Tt is epimorphic, i.e., any element w € CA(E) is of the form e(A) for some
A € CDiff(€). Moreover, for any w € CA'(£) the action ¢ — D, L w =
A, (p) is a C-differential operator and
e(Ay) =w.
(2) For any w € CA'(€) and A € CDiff(€) one has
A(w) =e(AoA,).
(3) Consider a form w € CA'(€) and let us define a vector-valued form

0
.= Diw) & 5 —

s>o0

Then
e(A o V) = Se(V) —1 e(A)
(4) Finally, a C-differential operator A is taken to zero by the map e if and
only if it is divisable by £¢ form the right:
ker(e) = {A =V ols |V € CDiff(€) }.

From Properties (2) and (4) it follows that for any C-differential operator A a form
w € CA'(€) satisfies the equation

Aw) =0
if and only if
AoA,=Volg
for some C-differential operator V. In particular, for the equation
le(w) =0 (32)
we obtain
leo A, =Volg, (33)
while the solutions of the equation
lg(w) =0 (34)
are described by
lz oA, =Vols. (35)

In other words, we obtained the following
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Theorem. Let £ be an equation of the form (1). Then:
(1) For any solution w € CAL(E) of equation (32), the C-differential operator
A, takes sym(E) to sym(E).
(2) For any solution w € CA'(E) of equation (34), the C-differential operator
A, takes sym(E) to gf ().
This result is the base for the scheme described in the next subsection.

2.2. General description of the scheme. Using the last result, we suggest the
following scheme to construct Hamiltonian structures:

Step 1: Solving the equation
Dy(1h) = Do (Q),

find a “sufficient” number* of pair-wise inequivalent conserved currents
Y1, - .., together with the correspondent functions (1, ..., (-
Step 2: Extend the space of functions on £ by introducing nonlocal vari-
ables wy, ..., w; corresponding to the currents vy, ...,¢;:
wi,z:’(/)i, izl,...,l,
or
wz:D;1(¢l)a iz]—a“‘ala
Step 3: In accordance with the previous step, extend the space CA'(E) of
Cartan forms on £°° with the forms
ﬁj = dw]’ - ’(,bj dr — Cj dt.
Denote by CA'(€) the extended space.
Step 4: Solve the equation
le(9) =0
for § € CAY(&). Let 6y,...,0, be the solutions and Ry = Ag,,..., R
be the corresponding C-differential operators, R;: sym(£) — sym(&).
Step 5: Solve the equation
C:(0) =0
for § € CA'(€). Let 1, ...,60, be the solutions and S; = Ay, ,..., S, = Ay
be the corresponding C-differential operators, S;: sym(€) — gf(&).
Step 6: Solve the operator equations
Ra:H£OSB, a=1,....s, 5=1,...,p,

with respect to unknown C-differential operators H? : gf(£) — sym(&). Let
Hi, ..., H, be different solutions.
Step 7: Solve the operator equations

Ha:RBOI?g, a=1,....,q, 8=1,...,s,

with respect to unknown C-differential operators H: gf(£) — sym(&). Let
Hy, ..., Hg be the set of all different solutions obtained in Steps 6 and 7.

Step 8: Using criteria (26) and (27), check whether the pairs (H;, H;), 1 <
i < j < @, form Hamiltonian pencils.

4What is “sufficient” depends on the equation and on the number of Hamiltonian structures
we intend to find. See Section 3 for illustrations.
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Remark. Of course, Steps 4-7 contain redundant actions (though it is not quite
important, since they are fulfilled by computer). In practice, it usually sufficient
to find one nontrivial R at Step 4, one solution S at Step 5, and two solutions H;
and H, at Steps 6 and 7.

Remark. Let us write down the conditions on S following from the fact that this
operator is inverse to a Hamiltonian one. Let SoH =id and ¢ = H(§), or & = S(y).
Applying (29) to an arbitrary £', we obtain

e (H(E)) = Lre) (H(E)) = HOm(e) (&) + L) (€))-

Using the above notation, it amounts to
S@e(¢") = lo(¢) = Du(S(¢") + L,(S(¢)),

or
[S,9y] =Soly,+L;08.
This equation, similar to the equation for Hamiltonian operators, can be rewritten
as
[L>,,S] = 0.
In addition, S must satisfy
S*+S5=0.

2.3. Computational formulas. We present here a list of computational formulas,
given in coordinates, needed for the realization of the above scheme. Let k be the
order of equation (1) and m be the number of unknown functions.

Conserved currents. Let ¢ = 1(t, z,ug, ..., us. Then, in general, the corresponding
( is a function of t,z,ug,...,us+r—1 and the defining equation is

ac st+k—1 m

RO ILIUICEL S S oo

=0 j=1 ? i=0 j=1
Nonlocal extensions. Let 11, ..., be the conserved currents found at Step 1 with
the corresponding (3, ..., (; and associated nonlocal variables wy,...,w;. Then the

extended total derivatives are

S D) NP

i>0 j=1 Jj=1
DD WLGRIES P03
i>0 j=1 Jj=1

The action of these operators on Cartan forms in the extended setting is given by
the following formulas. For the forms

wl = dul —uzﬂ dx — D3 (f7)dt

one has

_ ] ] _ ] _ k. m BfJ
Dal) =wiy,  Diwd) =Di( X 5wt), (36)

while for
0’ :dwj —’QZdeZIZ—det
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we obtain

Z Z 6% (S%l i BCJ ) (37)

anl anl

For the forms 67 the corresponding C-differential operators are

Ap; = Z D; —; o Di.
If o = @(t,z,ug,...,Un,w1,...,w;) is a function in the extended setting, then
its linearization is of the form
m l s
d¢ d¢ Mo =;
L= Dl + ol -D}).
L (St S R

On the nonlocal structure of recursion and Hamiltonian operators. Consider Step
4 and let 0 = rowo + -+ -+ riwi +rowo + 16y + - - - + ;0. Then solving the defining
equation fg(f) = 0 and using identities (36) and (37), one sees that the right-hand
side of this equation is of the form

Z CoWa + Zég rﬁ

a>0

This means that the coefficients at the nonlocal terms of recursion operators satisfy
the equations

Zg (T’IB) =0
and consequently are (nonlocal) symmetries of equation (1). Thus, in the chosen
setting, any recursion operator is of the form

o l
R= ZTQDQ‘ +Z¢5D;IOZ¢B,
- et

the local part the nonlocal part

where @1, ..., are symmetries and 1, ..., are conserved currents.
On the other hand, let H be a local Hamiltonian operator. Then the “next”
operator will be of the form H' = R o H. Hence, its nonlocal part is

!
Zcpngl oly,oH.

But using (14) and (15) together with the fact that H* = —H, we get
(Cy, 0 H) () - 1= H*(€y, (1)) + Do (1) = —¢ - H(E(y3)) + Do (n)

for any function ¢ and some 1. In other words, the action of Z@Pa o H is equivalent,
modulo total derivatives, to the multiplication by @z, where @z is the symmetry
corresponding to the current 13 by the Hamiltonian operator H. Thus we have

!
H' = The local part + Z wpD, ' o @p,
B=1
both g and ¢ being symmetries.
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3. APPLICATIONS

Below we consider two illustrative applications of the above scheme: to the
classical KAV equation and to the Boussinesq equation. All computations were
done by the computer system described in [7, Ch. X] and we present here the final
results only.

3.1. The KdV equation. Consider the KdV equation presented in the form
Ut = Uy + Ugge. (38)

3.1.1. Conserved currents. We constructed five solutions of the equation

They are
1[]1 =u,
1
G o= 5u” +ua;
1/12 :u27
2 3 2
(= gu + 2uuy — uj;

2
Y3 = u® — 3uy,

3
o= Bt 4 8 = 6w G +

36
Yy = ut — 12uu? + Fug,
4 98 72 36
(= EUS + dulus — 18u2u% — 24duuqius + Euug + 12u%u2 + quuz; — gug;

108
Y5 = u® + 10uuy + 18uug + Tuuﬁ,

2

234
= guﬁ + 15utuy + 28uuy + 420’ ujug + 84u2u§ + %u Ug — 84uu%U2

456 1872 1080 ., 108 4 396 ,
+ —uuius + ——ul2ug + ——uuz + —uug + 21u; — —ujuq
7 7 7 7 7
_ 1080u e — 108u " 360u3 n 108u "
7 Uilaly — U Uy =y o+ U2
Let wy, ..., ws be nonlocal variables corresponding to these conserved currents.

We shall also use a nonlocal conservation law tg:
e = w1, C6=U1+§w2-
The corresponding nonlocal variable wg may be understood as [ udz.

3.1.2. Generating functions. The generating functions corresponding the the con-
served currents 1, ...,y are

51:17

52:’“7
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53 = u2 + 2U2,
_ .3 2 B
& = u” + buuy + 3uj + 5 Uy,
2 144 1 21
& = ut + 12u2uy + 12uuf + %uwl + ?ulw + %u% + 3—56u6.

3.1.3. Recursion operators. Using the nonlocal setting described above, we found
five solutions to the equation £g(#) = 0, i.e., recursion operators:

Ry = wo,
2 1
R1 = ws + 5UW0+§U101,
4 4 4 1 1
Ry =wy + E’UAUQ + 2uiwy + (§U2 + gUg)(}JO + g(uul + ’LL3)91 + 1—8U102,
4 20
Rs = wg + 2uwy + Sujws + (§u2 + Em)wg + (4uu1 + SU3)w1
8 8 5 5 10 1
+ (§u3 + §U/UI2 + 214% + 2u4)w0 + (1—8u2u1 + §U,U,3 + 5'11/111,2 + 5145)91
1 1
+ 1—8(uu1 + U3)92 + aule3a
8 28 8 56 40 70
Ry = wg + gwgu + §w5u1 + (§u2 + E’U/Q)(AM + (Euul + §u3)w3
+ (2u3+@uu +gu2+5—6u )w
27 g 2T g 13
+(Eu2u —l—ﬂuu +%uu —l-@u )w
3 1 3 uus g Utz + U5 Jwi
+(Eu4+gu2u +Euu2+Euu +@u U +@u2+§u )w
81 g~ P gt g T g T g e 36 0
+(§u3u +§u2u +Euu U +Zuu +—5u3+zu U
162 154 Py PR Tgrue gt gh
+§uu +1u )0 +(iu2u +£uu +iuu +iu )9
A Tt A S Ti T RV R S Y el T- S A
1 5
+ 5—4 (uul + U3)93 + @ul&l

3.1.4. S-operators. We constructed five solutions of the equation £3(8) = 0, i.e.,
found operators S;: sym(€) — gf(€),i=1,...,5:

Sl = 617

1 1
Sy =wi + §U91 + 692,

4 1, 1 1 1
S3 = w3 + guwl + wiwo + (6“ + §U2)91 + 1—8u92 + 1—803,
4, 10 5
Sy = wy + 2uws + 3uiws + (gu + Eug)wl + (2uu1 + §U3)w0
5 3 B 5 5, 1 1, 1 1 5
— — — —uy )0 — —uy )0 —ub —0
+ (54“ Ut gt 3“4) 1 (36“ + 18“2) T T
Sy =w +§uw +ﬂuw +(@u2+ﬁu )w +(Euu +§u )w
5= Wi F GUWs F Ui 36 g u2)ws I3 dur + 5us Jun
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349 w4 167 31 w2 43
+ (324 vt gt g “4)
253 139 13
+ ( 2u1 + —’U/LL3 + —uiuz + —u5)w0
108 18 6
35 14 1
+ (648 —u u2+5—4uu1+ guu4+§u1u3+ 6u2+§u6)91
5 1 1
— — 0 — —uy )0
+ (324“ ts ““2 ST 18“4) 2+ (g + 54“2) 3
5 7
+ @’Uﬂzl + @05

3.1.5. Remarks on actions. Let us rewrite the operators R and S above in a more
conventional way using the results of Subsection 2.3. The action corresponding to
the forms w; is just D.. The action corresponding to the nonlocal forms

0; = dw; — ;dx — (; dt
is as follows
6, — D, ",
6> = 2D " o
03 — ?;D;1 o (u2 - 2u1DI),

18
04 — 4D3;1 o (u3 — 3u% — buur D, + FU2D3),

36 108 18 108
05»—>5Dm (u + 6u? U + —uty + —ug + 2u 3D2 u2D4+— D )

) 35 5 35
Hence, the recursion operators are represented as
Ry =id,
2 1
Rl = Dz —+ gu —+ gungl,
4 4 4 1 1
Ry = Di + —uDi 4+ 2u1 D, + (—u2 + —ug) + - (uu1 + U3)D;1 + —ulD;1 ou,
3 9 3 3 9
4 20
Rs = DS + 2uD?} + 5u; D3 + (3u + Eug)D (4uuy + 5uz) D,
+(8u +8uu + 2u? +2u) (5uu +5uu +10uu -{—lu)D_1
27 32141819391235’”
1
+ R (uu1 + u3)02 + 1—8u1D o (u2 — 2u1Dm),
etc., while the S-operators are
S1 =
Sy =D, + Lt + Ip-
2 — x 3 T 3 T
4 1 1 1
S3 = Dg + guDz +up + (EU2 + §U2)D;1 + §uD;1 ou
1
+ ED;I o (u2 — 2u1Dm),

etc. Note that R; = R!.
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3.1.6. The first decomposition. We found, among others, the following decomposi-
tions:

Ry =H;05),
Ry =Hy05;,
where
Hy = D,,
H, = D3 + ;“Dz + %ul.
3.1.7. The second decomposition. On the other hand,
H, =R, 0 H;.

3.1.8. Hamiltonian operators. Thus

2 1
H, = D,, Hy = D3 + g“Dw +3m

are the first two local Hamiltonian structures for the KdV equation.

3.2. The Boussinesq equation. We consider this equation as the system of the
form

(39)

Ut = UV + UV + OVggq,
V. = Uy + VU,

where o is a real constant.

3.2.1. Conserved currents. We found and used the following conserved currents for
equation (39)

'(/}1:7)7

1
G =U+§U2;
1/}2:”7

(2 = ovs + uv;
1/}3 = uv,

1 1
(3 = ovvy — 501}% + §u2 + uv2;

g = ovvy + u® + uv?,

(4 = 20uvs — ouvy + ougU + 200205 + 2u%v + uv3;

3
Py = 1)(40’11,2 + 501}1}2 +3u? + qu),
G = 40%vvy — 40%v1v3 + 40703 + 100uvvs — Souvi + 20u? + Souivv;

11 ) 9
+ 701@1;2 + 501)31;2 + u? + §u202 + uv4;

g = 46%vv4 + douus + 100uvvs + 3ousv? + 20030y + 2u® + 6uv?

—100%vivy + uv?,
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= 402uvy + 4o usvy — 402u3v1 + 40%ugv + 7oy + 10021)1)11)3
+ 20021;1)% + 100u%vs 4+ 20uuqv; + ldouusv + 250uvvy — 2oufv
+ 5ousv® + 3ovtvs + 6uv + 8uv® + uvs;
= v(16U2U4 + 1002vv4 + 400uus + 250uvvs + 20014% + 5ousv?
5
+ 501)31;2 + 10u® 4 10u?v? + uv4),
= 1603vvg — 160°v105 + 160> 0904 — 803v§ + 5602 uvvs — 5602uv1 V3
+ 2802141)% + 160‘2U1U3 + 84U2u1vv3 — 280%ujvi vy — 802143
+ 11602 usvvy — 44021@1;% + 4452 usvv; + 2602 ug0? — 50021;1)%1;2

25
+ —021)411 + 700u?vvy — 350”112’1)% + QOUuuf + 70cuu vv, + 650uusv?

2

15 7 5
+ 500uvivy + 150u%v2 + Eouw‘l + 5(71)5’1}2 + §u4 + 200302

25
+ ?u2v4 + uvﬁ;

15
= 16031)1)6 + 160%uuy + 5602uvvs + 2002 usv® + 3021)31)4

75
+ 3021)21)% + 200u’us + T00u?vvs + 500uusv? + 500uvvs

15
— 100'11,%1)2 + ?ngv4 + 30050y + Sut + 30u30? + 1560t + uvﬁ,
= 1603 uvg + 1603 usvs — 1603 uzv1 + 3203 ugv + 360°v>vs + 560> Vo1 V5

+ 28003 vuus + 1680%1}% — 56031;%1;4 — 16803 v v9v3 + 56031;3 + 3602uvy

+ 64U2uu1v3 + 13602 uusvs + 2402141431)1 + 720%uugv + 12602uv?vy

+ 1400 uvv v + 28002um;§ — 14Oa2uvag — 6402u%v2 — 82 ujusv;
65
— 16U2u1u3v + 5021111)21)3 — 20502uivv v + 115021411)? + 8021431)

5 4 2
+ 20'11,2’1)

+ 100021;31;% + 400uPvy + 100u?u1v1 + 900uusw + 2100u>v

115 59
Vg — 115021421)1)% + 7021431)21)1 + ?0'2’1141)3 + 15020,

2 2

vy — 200uujv
175
+ 1000 uusv® + Tauv4v2 — 2001@1}3 + 210usv® + 40080y + 20utv

+ 50uv® + 18uv® + wv”;

= v(6403u6 + 28031)1)6 + 5603 vavs + 22402 uug + 19602uvv, + 44802u1u3

105 175
+ 28002ujvvs + 33602u§ + 42002 uqvvy + ?021)3114 + 7021;211%

1
+ 2800 u?us + 2450uvuy + QSOUUU% + £3OUUU2U2 + %auv?’vg — ?au%ﬁ

21 7
+ 701@1;4 + 501)51;2 + 35u* + 7T0uv? + 2100t + uvﬁ),
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= 64o*vvg — 640 v v7 + 640t vyvg — 640 U505 + 3204122 + 288c3uvvg

— 2883 uv v5 + 2880 uvavy — 144(73uv§ + 6403 uius + 66403 vv;

— 37603 u v vg + 144U3u1v2v3 — 6403 usug + 135203 usvvy — 97603u2v1v3

+ 4160%uzv3 + 320°u3 + 13920%uzvvs — 4160 uzv1v5 + 107203 ugvvy

— 328031441)% + 3280 usvvr + 9202 ugv® + 2803 v3vg + 1680 v v v

+ 8965302 vyvy + 308031)211% — 336031;11%114 — 6160300 0203 + 392031;1)3

+ 3360°%v3v3 — 19603 viv3 + 50402 uvvy — 5040°u v v3 + 25207 u 0]

+ 22452 uugug + 151202 uuivv; — 5040w v ve — 11202uu§ + 19600200,

2 2

938
— 72802141421)% + 7280‘211,11,3’1)1)1 + 4200 uugv® + TO‘ wvvy + 63002 uv v1U3
+ 12600%uv?vs — 12600 uvvive + 3150wt + 2240°uus + 112007 uivv,

1015
— 308021@1}% + 13440uiusvvy + 53202 ugusv® + Ta2ulv3v3

2205 1295
Ta2ulv2vlvg - 31502u1m)? + 5040%31}2 + Ta2uQU3v2

15 105 105 189 1575
+ 7021421)21)% — 702u3v3v1 + ?027141)4 + o2 + —021)41)%

+ 4200 uvvs — 2100u3v% + 1400u2u% + 6300u>ui vy
1715 1225
+ 5250uuqv? + TUU2’U3U2 + 2100uufu2 + TUUU2U4 + 1400uv®v,
245 9 175
— ?au%v‘l + 1dous0® + 501)71;2 + Tu® + TU4U2 + 105u3v?

49
+ ?u%ﬁ + uvg;

672
= 64o*vvg + 6403 uug + 2880 uvvg + ?031411)1)5 + 3360 usvvs

56 28 1400
+ 3031461)2 — 5031)31)6 + 9240302 vsv4 + Ta3v2v§ + 1120%u%uy
623
+ 5040%u?vuy + 7840’2’LLU1’U’U3 + 117602 uusvvs + 19602 uusv? + — o2 uvdvy

3
280
+ 945a2uv2vg + 16802 uguzv? — Ta2ulv3v3 + 42002u§v2 + 49002103 Vs
105 280
+ TU2U4’U4 + 21020y + 175021141)% + TJU3U2 + 4200uPvv,

1
+ 4900 u?uqv? + ?au%%g — 1400uufu2 + ?auuw‘l + 1400uv®vs

140
— ?au%v‘l + 1dousv® + 40070y + 14u° + 140u*v? + 140u°v?

+ 28u”v5 + wv®,

376 2448
= 640’4U’U8 + 64U4u6v2 — 64U4u7v1 + 64U4u8v + ?041)21)8 + Ta4vv1v7
10752 4 17568 , 1172 , , 2448 , ,
+ o VU6 0 VV3Vs + To vy — Ta V] Vg
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11712
_ 5855604’[}1’[}21)5 — 7 0'4’U1U3'U4 + &556041}31)4 + 1760'3U2U6 + 3840’3’(“1/1’[}5

+ 9600 uusvs + 12800 uusvs + 118403 uugve + 16003 uusvy + 3520 uugu
n 2476 5 8008 4 30464 . 14448 . 9

o uv g + TO‘ uvvLUs + o UuvVaV4 + 0 uvv3
1444 481 124
— %a%ﬂ;fu — 5 8(73’LLU1U2U3 + %o:‘)uvg — T8(73U%U4
2304 4096 144 656
— TU Ui1UV3 — TU Ui1uU3zvy — ?U U1U4V1 — ?O' Ui1Uusv
2464 5 10808 2576 34832 .
1—50 ULV V5 — 15 o U1vV1 V4 + 1—50 U1 VV2V3 + 15 0 U1V U3

4816 4 . 2304 5 912 4 36 4
— Ta uULV1v5 + TU UV — TU Ua2U3V1 + ?a U2UgV
1 2 2 14
%(737121;21)4 — 01555 0'3’LL21}U1U3 + 33603U2UU§ — 95203U2v%vg
512 4 1316 , 9 2464 , 2296 4 3
+ ?a uzv + To uzv vz + TU U3VV1V2 + 1—50 U3y
4256 2296 1148 364 833
+ Ta3u4v2v2 — 1—50'3’1141)’1)% + 1—503u5v2v1 + 4—503u6v3 + §U3’U4’U6
371 5 4 4417 4 5 3,2 2

1757
— TO‘ viuivs + TO’ v UUg + 7031)31)32, + 371lo°v v vy
+ 408103v% v vav3 + 2968030703 — T4203vvdvs — 29680 vviv + 74203V vy

616
+ Ta2u3v4 + 44802 u?uiv3 + 95202 u%usvs + 168020 uzv; + 61602 u ugv

+ 11900u?v?vy + 16520°u*vv1v3 + 33040 uvvs — 16520°u v v,
— 11202uu%v2 — 50402 v usvy + 1680’211,11,111,31) + 90302uu1v2v3
+ 11620%uuvv 0o + 714o2uulvf + 504a2uugv + 483702 uusv?vy

1211 1869
— 71402uuvi% + 357U2UU3U21}1 + =0 %uug® + Ta2uv4v4

+ 28350 uvv? + 1120%u3v; + 1680 ulusv + 13302 uv?vy — 7140 u?vv?

2205
+ 10710%u  usv?v; — 2802 ujusv® — 21002u vtos + 76302ugv3 + TU2U2U4’U2

189 490
+ Ta2uw5 + 3502050, + 350021)5113 + —outvy + —ouluiu

3 3
1540 3430 920
+ ——oulusv + 14700u v’ vy — 1400u2u%v + = ulusn® + Tau2v4v2

3
980 s 1120

224
— Tauu%v + Tauugvs + 2100uv®vy — Tau%vs + 180 uzv” + 5000,

+ 70u’v + 280u*v® 4+ 196uv® + 32u%v” + uv®.

3.2.2. Generating functions. The generating functions corresponding to the con-
served currents ¢, ..., 1o are

£ =0,
& =1;
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& = 0;

Y = 4dous + 60vvs + 301}% +3u? + 3uv2,

¥ = dovy + 6uv + v%;

L= 4(2021)4 + Souvs + bouivy + dousv + 3ov3vs + 301}1}% + 3ulv + uv3),

1 = 8ous + 160vvs + 601}% + 6u® + 12uv® + v*;
&= 160%uy + 4002004 + 8002v 1 v3 + 60021;% + 40c0uus + 100cuvvs + 500’1//[)%

+ 200uf + 1000uivv; 4+ 400usv? 4+ 200v3 vy + 3001}21)% + 10u® + 30u?v?
+ Suv?,

& = 160204 + 400uvs + 400u1v1 + 400usv + 4000 vy + 3001}1}% + 30u2v
+ 20uv® + v;

& = 2(16031)6 + 5602uvy + 11202u1v3 + 16802 usvy + 11202u3v1 + 4802 uqv

+ 60020204 + 2400200 03 + 180021)1;% + 210021;%112 + 700u?vs + 1400uuiv;

+ 1200uusv + 1500uvvs + 1500uvv% + 600u%v + 1500u;v2v; + 400u0?

+ 150v*0y + 3000 v} + 30u’v + 30u’v® + 3uv®),
& = 320%uy + 9602vv, + 160021)11)3 + 120021)% + 80cuus + 2400uvvy + IOOquf
+ 400u? + 2400u vv; + 1200usv? + 800v ve + 900v?v] + 20u® + 90u?v?

+ 30uv® + v5;

&= 64U3u6 + 224031)1)6 + 672031)11)5 + 13440%vov4 + 784031)32» + 22402 uuy
+ 7840 uvvy + 156802 uv v + 1176021”;% + 44802 uqus + 156802 uivus
+ 302402 uiv1vs + 3360214% + 235202 usvuy + 1512021421)% + 156802u3vv1
+ 33602u4v?® + 280020304 + 168002020 v5 + 1260021;21;% + 2940021;11%1)2
+ 315021)11 + 2800u>us + 9800 uvvs + 4900u2vf + 2800'11,11,% + 19600 uuivvr
+ 8400 uusv® + 7000uv vy 4+ 10500uv?v? + 4200uiv? + 7000uviv;
+ 1400usv* + 420v%vs + 10501}41)% + 35u* 4+ 210uv? + 105u0v* + 7uv6,

& = 640306 + 22402 uvy + 44802 uqvs + 67202 Usv5 + 44802 usvy + 22402 U4
+ 33602030, + 1120021)1)11)3 + 840021)1)5 + 840021)%1)2 + 2800 u>vs
+ 5600uuy vy + 560cuusv + 8400uvvy + 7000um}f + QSOUU%U + 8400 u v?v,
+ 2800usv® + 14000 vy + 21001}31)% + 140u3v + 210u?0® + 42uv® + v7;

& = 64U3u6 + 224031)1)6 + 672031)11)5 + 134403 vov4 + 784031)32» + 22402 uuy
+ 7840 uvvy + 156802 uv v + 1176021”;% + 44802 uqus + 156802 uivus
+ 30240 %uiv1vs + 3360214% + 235202 usvuy + 1512021421)% + 156802u3vv1
+ 33602u4v? + 280020304 + 168002020 v5 + 1260021;21;% + 2940021;11%1)2
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+ 315021)11 + 2800u>us + 9800 uvvs + 4900u2vf + 2800'11,11,% + 19600 uuivvr

+ 8400 uusv® + 7000uvv, 4+ 10500uv?v? + 4200uiv? + 7000uviv;

+ 1400usv* + 420v%vs + 10501}41)% + 35u* 4+ 210uv? + 105u0v* + 7uv6,

= 640306 + 22402 uvy + 44802 U V5 + 67202 Usvs + 44802 usvy + 22402 U4

+ 33602030, + 1120021)1)11)3 + 840021)1)5 + 840021)%1)2 + 2800 u2vs + 5600uu, vy
+ 5600 uuv + 8400uv3vy + 7000um}f + 280(711%1) + 8400u;v3vy + 2800u20?

+ 1400v%vy + 21001}31)% + 140u3v + 210u?v® + 42uv® + v7;

= 8(16041)8 + 7203 uvg + 21603 w1 vs + 45603 usvs + 55203 uzv3 + 4560 ugvs

+ 21603 usv; + 640 ugv + 1120°v%v6 + 6720 00105 + 134403 vvv4 + 7840%1}%
+ 882031)%1)4 + 2856031)11)21)3 + 658031)3 +1260%u%vy + 504U2uu1v3

+ 75602 uusvs + 50402 uusvy + 22402 uugv + 39202 uvv, + 156802 uvv, vs

+ 117602141)1)% + 140702uv%v2 + 4620214%1)2 + 92402 uiusvy + 448U2u1u3v

+ 7840%uyv%v5 + 302402 u vV 05 + 69302u11)f + 336a2u§v + 117662 usv v,

+ 1512021421)1)% + 78402 usv?vy + 1120%u40® + 70020 04 + 560020301 v5

+ 420020303 + 14700%vvivy + 3150%0v} + 1050u vy + 3150u%u v,

+ 2800 u>usv + 4900 uv>vs + 4900u2vvf + 2800uu%v + 9800 uuy vy

+ 2800 uusv® + 1750uvtvy + 35Oauv3v% + 14001@1)3 + 1750uv*v; + 280 us0®
+ Tovbuy + 2101)51)% + 35utv + 7T0ulv® + 21u?v® + uv7),

= 1280%ug + 5120°vvg + 13440°v1v5 + 26880 vav4 + 15680°03 + 4480 uuy

+ 17920 uvvy + 313602 uvivs + 235202 uvs + 8960w us + 35840 u vv3

+ 604802 uy v vy + 67202u§ + 537602 usvv9 + 3024021@1}% + 358452 usv0;

+ 89602 u4v? + 89602 v vy + 448002 v%v1v5 + 33600%v2v2 + 672002 vV v,

+ 630021)1l + 5600u%us + 22400uvvy + 9800u2vf + 5600uu% + 44800 uu v,
+ 22400 uusw? 4 22400uvivs + 28000uv®v] + 11200utv® + 22400uiv3 v,

+ 5600usv* + 224005 vy + 42000 07 + T0u? + 560u*v? + 420u*v* + 56uv’® + v¥;

= 2560 ug + 11520 v 4+ 46080 v v7 + 119040 vovs + 195840 w305

+ 117120%0] + 11520 uug + 518403 uvvg + 1555203 uvivs + 314880 uvyv,

+ 18528031“;% + 345603 uyus + 15552030 vvs 4+ 44160021 v1v4

+ 7353603 u1v9v3 + 72960 usug + 3283203 usvvy + 7622403 usv1 v3

+ 534720%usv3 + 441603u§ + 3974453 uzvvs + 7756803 uz0,v2 + 3283203 ugvvs
+ 22752031441)% + 1555203 usvv1 + 230403 ugv? + 268803 v3vg + 24192030201 v
+ 4838403 v* vovy + 282240%0v?v3 + 635040 vvivy + 2056320 V) v2v3

+ 473760%vv3 4 4636803 vivs + 92232030 03 + 20160°u uy + 907207 u Vo,

+ 181440 u*v vz + 1360802 uv3 + 80640 unyuz + 362880 uwu, vv;
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+ 692160 uu; v1v2 + 60480 uu3 + 544320 uusvvy + 346080 uusv?
+ 3628802 uuzvv; + 80640 uugv? + 940802 uvvy + 5644802 uvvyvs
+ 423360 uv*v3 4+ 1013040 uvvive + 1121407 uv] + 73920 uus
+ 332640 utvvy + 240240 uiv? + 665280 ususvvy + 1612807 uzv?
+ 1881602u1v®v3 + 1088640 u1 v’ v1 v + 498960 usvvi + 1209607 ujv?
+ 2822402 U030y + 544320700} + 188160 uzvv; + 201607 usv?
+ 10080%v° vy + 100800 v* vy v3 + 75600°v*v3 + 352800 v v} vy + 11340020 v}
+ 16800 uus + 75600uvvs + 37800u3v% + 25200u2u% + 226800 u>u v,
+ 100800 uusv? + 117600u*v3vy + 176400uv?v; + 100800 uuiv?
+ 235200uu,v%0; + 50400uusv® + 25200uv’vy + 63000uviv? + 25200uiv?
+ 25200u1v9v; + 3360usv® + 7200 vy + 25200507 + 126u°
+ 1260u*v? + 1260u3v* + 2520205 + Juw?,

€Yy = 2560%vg + 115203 uwg + 34560 u v5 + 729603 usvy + 883203 uzvs
+ 729603 vy + 34560 usv; + 115203 ugv + 23040°v? v + 120960 v, v5
+ 2419203 vvyv4 4+ 1411203003 + 141120%v] vy + 4569603 v, vav3 + 10528003
+ 201602u2vy + 806402 uuqvs + 1209602 utsvs + 80640 uus vy + 403202 uugv
+ 80640 uv’vy + 28224U2uvv1v3 + 21168021”)1)% + 22512021”)%1)2
+ 739202u%v2 + 1478402 u  usvy + 806402 uqusv + 1612802 u; v2v;
+ 5443202 uivv1ve + 11088021411)? + 60480214%1) + 2419262 usv% vy
+ 272160 u00} + 161280 uzv°v; + 268802 usv® + 2016070 vy
+ 134400 v v1v3 4+ 1008000303 + 302400%v2vivs + 567002 Vv + 16800 u vy
+ 50400u2uy v, + 50400uusv + 100800 uv3vy + 88200u2m}% + 50400uu%v
+ 201600uuv?v; + 67200uusw® + 50400uvivs + 84000uvv? + 33600uiv?
+ 50400u v vy 4+ 10080usv® + 33600°%vy + 7560007 + 630u’v 4+ 1680uv?
+ 756uv® + T2uv” + v°.

3.2.3. Recursion operators.

R§ = wo,

Ry = 7o;

RY = vwo + 2073 + 2utg + u164,
R} = 2w + v1o + v164;

RY = 4dows + (4u + v*)wo + 4ovTy + 6ov1 Ty + (60Vs + duv)TH
+ 2(ovs + uvr + u1v)0; + 2uq6s,
Rg = 4’[)0.)[) + 4(77'2 + (4’LL + UQ)TO + 2(”1 + U’Ul)01 + 2’[)192;

Y = 1200wy + 200v1w; + (160w 4+ 12uv + v*)wy + 80214 + (160u + 60v?) T
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+ (4ous + 18cwvv1 )1 + (160us + 180vvs + 1201}% + 8u? + 6uv?) Ty
+ (4ous + 6ovvs + 1200102 + 6uny + 6uvv; + 3uyv?)6,
+ (4ovs + duvy + 4uyv)0s + 2u4 65,

8wy + (8u + 60wy + ovTs + 160017 + (12005 + 12uv 4+ v*) 1
+ (4ovs + 6uv; + 6ugv + 31}21;1)91 + (4uy + 4vvy)0y + 2v165;

= 1602wy + (320u + 240v?)ws + (480u; + 800vv )w;

+ (320us + 640vvs + 44ov? + 16u” + 24uv® + vHw + 320%vTy + 800 V1 T3
+ (1120°vy + 64ouv + 80v*) 5 + (88023 + 960uv; + Ydou v + 360v%v;) T
+ (40021)4 + 800 uvs + 1060u v + 640usv + 3600V + 4801)1)% + 32020

+ 8UU3)T0 + (8021;5 + 200uv; + 400U vs + 360usvy + 160uzv + 1200205

+ 48cvviv9 + 1201}? + 12v%v1 + 24uuiv + 12uvv; + 4u1v3)91

+ (8ousz + 120vvs + 240v1vy + 12uuy + 12uvvy + 6ulv2)92

+ (4ovs + duvy + 4u1v)03 + 2u1 6y,

= 320vws + 480v1w; + (32009 + 32uv + 8v*)wy + 160774 + (320u + 24007
(480u1 + 620vv1 )71 + (320us + 48cvvs + 3001}% + 16u? 4 24uv® + v*)1
8cus + 160vvs + 280010y + 12uuy + 24uvv; + 12u0? + 41}3111)01

+
+
+ (12uv; + 12uqv + 6v%v; + ov3)02 + (duy + 4vv1)03 + 201 04;

(
(
8002 vwy + 2240°v1ws + (320020 + 1600uv 4 40003 )ws

+ (240023 + 2560uv; + 2320u1v + 200007 vy )w;

+ (96021)4 + 1920uvs + 2640u1v1 + 1600usv + 1600030y + 22001}1}%

+ 80u?v + 40uv® + v*)wp + 320° 16 + (960°u + 8002 v?) 1y

+ (2400%u; + 4000w, )73 + (32007 U2 + 56002 vvy + 408021)% + 960 u>

+ 1600uv® + 100vh) 1 + (24002us + 43602 vvs + 86402010y + 2880 U,

+ 4760uvvy + 2330uqv? + 6001}31)1)7'1 + (9602144 + 20002vvy + 492021)11)3
+ 3360703 + 1920uus + 4000uvvy + 2760uv; + 1360ui + 5300u; v,

+ 1600usv? + 600v vy + 12001}21)% + 32u® + 80u?v? + 10uv4)7'0

+ (160°%us + 400%vvs + 120020 v4 + 200020903 + 400uuz + 1000uvvs

+ 2000uvive + 80cuius + 2000w vvs + 1500u1v% + 1800usvvy + 400u3v2
+ 2000v3v3 + 12000201 v5 + 6001}1;;" + 30u2u; + 60uvv; + 60uuv?

+ 20uv3v; + 5uv*)8; + (160%vs 4+ 400uvs + 800u1vs + T20U2v1 + 320U3v
+ 2400v3v3 + 960vVL Vs + 24(71;? + 24u2v; + 48uuqv + 24uvvy + 8ulv3)02

+ (8cus + 120vvs + 240vivs + 12uuy + 12uvvy + 6u1v2)93

+ (4ovs + 4uvy + 4uiv)04 + 205u4,

= 3202wy + (640u + 8000wy + (960u; + 2320vv; )w; + (640us + 1600vv;
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+ 11200? + 32u® + 80uv? + 10v*)wo + 800%vTy 4+ 1760701 73 + (2240709
+ 1600uv + 400v*) 1 + (1760%v3 + 2240uv; + 2360u1v + 15300v%v;) 7y
+ (80021)4 + 1600uvs + 2280 u1v1 + 1600usv + 12000205 + 15001}1}%
+ 80u?v + 40uv® + v°) 19 + (160%v5 + 400uvs + 800U v + 800u2v; + 400Uz
+ 4001}21)3 + 1400vv1v9 + 3001}? + 30u?v; + 60uuv + 60uvo;
+ 20u 0% + 51}41;1)01 + (160us + 320vv3 + 5600V 2 + 24uuy + 48uvvy
+ 24u1v? 4 803010 + (80ws 4+ 12uvy + 12u1v + 6v2vy )03 + (duy + 4vv1 )by
+ 201 05.
3.2.4. S-operators.
St = v, + 205,
ST = (u+ 20)1 + 03;

Su

M

1
= 27’1 —+ (’LL + 5’1}2)01 —+ ’U92 —+ 93,

3 3 1
Sg = 20’(411 + —ovty + 5(71)17'[) + (O”U2 + ’U/U)91 + 92“ + 594,

2
8 10 4 1 4 2
S3 = 30w + +EUUT1 + 20v1T9 + (501}2 + 2uv + §v3)01 + (gu + §v2)92
2 2
-0 -0
+ 3U 3+ 3 4,
. 8 8 4 16 3, 8
S3 = covw +4oviwy + ST30° + (—au + —ow )T1 + (—au1 + 301}1}1)7'0
3 3 3 2 3
4 9 9 9 4 4 2 1
+ (—JU2 + 20003 + ov] + u” + uv )01 + (—avg + —uv)t‘)g + —ub3 + =05;
3 3 3 3 3
S}f = vl + 26,
S§ =207 + uby + 0s;
u 1 2
Sy =201 + (u + 51} )91 + vly + 03,
v 3 3 1
SY = 20w + 501)7'1 + 501)17'0 + (ov2 + uv)b; + ubs + 504;
Sg = bh,
Sg = 02;
32 56 66 72 104
Sy = E02w3 + (—u + gav2)w1 + (8cuy + 200vv1 ))wo + €U2UT3 + ?021)17'2
o
9 136 31 4 36 , 88
+ (240 vo + ?qu + Eav )7'1 + (EU v3 + EUUW

+ 200u v + 1201}21;1)7'0

16
+ (3021)4 + 8cuvs + 8ouivi + 8cusv + 8o v vs + 601}1}% + 6u’v + due?

1 16 32 12 12 24 2
+ gv5)01 + (Eaug + FO"U’UQ + gavf + EUQ + guv2 + 3”4)62
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(s s 2000 (2 B

64 112
S? = Eo%wg + 3202v1W2 + (32021)2 + ?ouv + Tov )wl

(160 v3 + —Uum + 160uiv + 190v vl)wo + 3—520'37'5
+ (—0‘ u + 14020 )7'3
+ (%02711 + 520 vv1)7'2
+ (176 2uy + @021)1)2 + %02 T+ % 24 %UU’UQ + gav4)71

64 272 96
+ (EU us + 2802 vv3g + ?021)11)2 + ?Uuul + d4ouvvy + 2louiv?

16
+ 601}31)1)7'0 + (302144 + 8c2vvy + 16021)11)3 + 12021)% + 8cuusy + 200uvvs

+ IOUUUf + 4au% + 200U vv; + 8cusv? + dovdvs + 601}211% +2u3 + 6u2v2)01

. (167 32 24, 24, 24,
+ uv + (— v4 + 8ouvs + 8ouvy + Eauw + EUU vy + Eavvl + Eu v
o

8 8 12 6 6 6 4 4
+ guv3)92 + (gow + Eavvg + gov% + gu2 + guv2)93 + (gUUQ + guv)94

2 1
Zubs - =0n-
+5u5+57,

80 160 160 140 68
Sg = 302%}3 + 702v1w2 + (702 o + Tauv + ?U'U3)W1

+ (80 23 + 1;4401“) + looau v+ 1;4501121) )w + g(ﬁr

3 3 1 3 1 3 L)W+ 3 5

56

+ (32o2u + 302112) (2880 uy + 1040 le)rg

1 4 2
+ (?(721@ + 3—?02 vy + 78021;% + 320u? + 620uv? + §0v4)71

S8

4 272
+ (%U2U3 + 560203 + %021)11;2 + 320uu; + 88cuvvy

1 1
+ ?auliﬂ + 200v3v1)m + (£UZU4 + 1602vvy + 8—30021111;3 + 20021;%

40 50 20
+ —ouus + 400uvvy + ?ouv% + —ou% + 400uvv1 4+ 200usv

3
40 10
+ EUU%Q + 150v%w f + §u3 + 15u20? + 5uvt + v6)91
16 40

40
+ (EU vg + Eauvg + 3 —ou1v + Eauw + EUU%Q + 1001}1}% + 10u?v

20 8 16
+ Euv + 31) )02 + (gam + 3 — OV +20v1 + 2u? + 46;5uv® + v )93

4 2 5

+ (301)2 + 2uv + 3v )044— (§u+2v )65 +§v96 +§97’
32 4 88 , 110 152 , 452 )w
2

= EO' ws + ( 3 o°u+ ?0'2’1)2)&]34- (?U U1+TU VU1

2
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292 2
+ (56021@ + ?(721)’02 + %o%f + 830u2 + 68cuv? + ?:1—501;4)0.21

+ (24UQU3 + %a%vg + %0%11}2 + 400uuq + %auvvl + £350u11;2
+ %mﬁm)wo + 2—8031)7'5 + £3803v17'4 + (136031)2 + ?UQMJ + %021)3)7'3
+ (%zﬁm + %02141)1 + ?027111) + 4%:5021)21)1)7'2 + (88031)4 + 17602 uvs
+ 2000%u vy + ?027@1} + @021)21)2 + %U%v% + 80cu’v + %qu

4
3 88 476 464 220
+ 501)5)7'1 + (3031)5 + 8002uv3 + ?0'2111’1)2 + 70'2’1121)1 + ?021431)

3

305 519 105 368
+ —021)21)3 + 7021)1)11)2 + 7021)? + 64ou’v, + Tauulv + 1100uv®v;

15 16 56 112
+ 350u v° + 70‘1)41)1)7'0 + (3031)6 + 3021”)4 + 7021411)3 + 5602 U0y

112
+ 7027131;1 + 1602 u4v + 20020204 + 800 vv 05 + 60021;1)% + 70(72va2
"0
+ —ou
3

40
+ 500u;v%vy + ?auyﬁ + 501}4112 + 1001}31}% + 10u3v + 10uv® + uvs)ﬂl

16 40 , 80 , 5 o 40 100 50 9
+ (—a Uy + —0°vvg + — o0 v1v3 + 200705 + —ouus + ——ouvvs + —ouvy
3 3 3 3 3 3
20 100 40 20 10
+ ?au% + Toulvvl + Eauyﬂ + ?av3v2 + 1001}21}% + ?u3 + 10u?v?

5 8 20 20 16
+ guv4)62 + (5021)4 + Eauvg + EUU1U1 + ?UUQ'U + dov?vy + 401}1}%

4 4 2 2
+ 4u’v + 5141)3)03 + (gam + 2000y + 0”1)% +u+ uv2)04 + (§Uv2 + guv)05

140
vy + Touulvl + 400uusv + 500uvvy + SOUUUUf + 2001@1}

1 1
—ubg + ~0s;
+3u6+68,

19
= 6ovw; + 6oviwo + 4302 + (SJu + ZUU2)T1 + (4ou1 + 601}1}1)7'0

3 3 1 1
+ (20”LL2 + dovvs + 501}% + §u2 + 3uv? + ZU4)01 + (201;2 + 3uv + 51;3)92

1 1 1
+ (u + 51;2)03 + 51;04 + 505,

21 19
=40’ws + (7au + ZUUQ)UJl + (5au1 + Eovvl)wg + 70203 + 13020, 12

3 21 9
+ (15021;2 + 130uv + 501;3)71 + (7021;3 + 1louvy + gaulv + 501)21;1)7'0

+ (20%v4 4 Souvs + Souiv1 + 4ousv + 3ov vy + 301}1}% + 3u?v + w?)é,

3 3 3 1 1
+ (20”LL2 + 3ovvs + 501}% + §u2 + §uv2)92 + (ov2 + uv)bs + §u04 + 196.
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3.2.5. Remarks on actions. Similar to Subsection 3.1.5, we give here the operator
presentations for R; and S;. In this case, these are 2 x 2-matrix operators, i.e.,

R R sioge
R; = <RZ21 Rl22> ; Sl = (SlQI Sz22> )

where
Ry =id,
Ry* =0,
R} =0,
R3? = id;
Ry =v,
Ri> =20D2 +2u+u1 D",
Ry =2,

22 —1
Ri"=v+wuD,";

RY =,
RY? = 40vD2 + 60v1 D, + (60ve + duv) + 2(0v3 + uvy +uv)D,t,
R3' = 4v +2u, D!,

Ry = 40D2 + (4u + v*) + 2(uy +vv1) D, Y

Rél = IQJUD?C + 20001 D, + (160vy + 12uv + v*) + (dovz + duv; + 4u1v)ng1
+ 2u1D;1 ow,
RY? = 8052D% + (160u + 60v*) D2 + (4ou; + 180vv,) D,
+ (160us + 18cvvs + 1201}% + 8u? + 6uv?)
+ (4dous + 6ovvs + 1200105 + 6uuy + 6uve; + 3ulv2)ng1 + 2u1D;1 ou,
R3' = 80D2 + (8u + 6v7) + (4uy + 4vvy)D;' + 201D, 0w,
R3? = ovD?2 + 160v,. D, + (12005 + 12uv + v*)
+ (4dovs + 6uvy + 6usv + 3v2v1)D;1 + 21)1D;1 ou,

etc., and
Sit=2D;",
S =vD, ",
S =D;tow,

S = (u+20)D, + D, * o u;
Syt =vD, '+ D, o,
1
Si2 =2D, + (u + §v2)D;1 + D; ' ou,

3
S3' = 20D, + §Uva +uD;' + Dt oun?,
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3 1 1
S3? = 5001 + (ovg +uwv)D;' + Dt o (501)2 + uv) + §D;1 oovD?;

8 42 2 2
S3' = oDy + (qu+5v?) D7 + ZoD7 o v+ 207! o 2ud?,

3 3 3 3
10 4 1 2
S3? = EUUDx + 20v; + (501}2 + 2uv + §v3)D;1 + gvD;1 ou
2 2
+ ng o (ovg + 2uv) + ng oovD2,
S21 _ § D 4 é é D71 2 D71 2 2 lDfl 2
3 = 3ov « +4ov + 3ov2+3uv - +3u . ©2uv -|-3 2 ov(buiv)
4
+ gaD;1 ovD?,
1
522 = §U2Dg + (;Uu + gav2)Dz + (gaul + 301}1}1)
4 2
+ (gam + 2005 + ovl +u® + uv2)D;1 + §UD;1 o (ovy + 2uv)
2 1 1
+ §UD;1 oovD? + §D;1 o (4oug + 3ovvy + 2uv) + §D;1 o ov’D2;
Sit=2D;"
T
Si* =vD; ",
Sit=D,'ow,

S3? =20D, +uD;" + D' ou,
etc.
3.2.6. The first decomposition. We found the following decompositions:
Ry =H, 05,
Ri=Hi0S5,=Hy05i,
Ry =Hy 083 =Hy0S5; = H305],

where
u
H1 = w1,
v .
Hl = Ti,

H; = Vw1 + V1Wwy +2T1,

HY = 20ws3 + 2uwy + uiwo + v71;

HY = 4ows + (du + v*)wi + 2(u1 + vvr)wp + 4vry + 20170,
H3 = 4ovws + 60viws + 2(30v2 + 2uv)w; + 2(ovs + uvy + urv)wo + 4o
+ (4u + v*)1 + 2u1 0.
3.2.7. The second decomposition. One has
Hs = Ry o Hy, H; =RyoHy;=Ry0H;.
Moreover, introducing formally the elements 6, ..., by

D, (6;) = uywo,
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Dy (62) = v17o,
Dy (03) = (ov3 + uvy + ugv)wy,
D, (04) = (uy + vv;)70,
we can construct the nonlocal operators Hy and Hy of the form

H} = 120vw3 + 160v1ws + (12002 + 12uv + v*)wr
+ (4ovz + 8uwy + 6uiv + 3v%v; )wo + 8o7s + 2(du + 30?7 + 2(2u1 + 3vvy)TH
— 2010; — 2v1§2,

HY = 80%ws + 20(8u + 3v?)ws + 60 (4u; + 3vv; )ws
+ 2(80us + 9ovvs + 6007 + 4u® + 3uv?)w,
+ (4ousz + 6ovvs + 1200102 + S8uuy + 6uvv; + 3u1v2)w0 + 120v73 + 2000172
+ (160w + 12uv 4+ v*)11 + 2(2003 + 2uv) + 3u1v)TH — 2u10; — 2u10s;

HY = 160°ws + 8o (4u + 3v?)ws + 160 (3u1 + 4vv; )ws
+ (320uy + 480vvy + 2800} + 16u? + 24uv® + v*)w;
+ 4(20us3 + 4dovvs + 8oviva + 4duuy + 8uvvy + Suv? + v3v1)w0
+ 320073 + 480v1 T2 + 8(dovs + duv + v¥) 7y
+ 4(20v5 + duv, + duiv + 30%v1) 7o
— 4(uy +vv1)01 — 4(uy + vy )0y — 4v163 — dv1 0y,
HZ = 320%vws + 800°v1wy + 80 (140w + Suv + v*)ws
+ 40(220v3 + 24uv; + 24uiv + v%v; )ws
+ 4(100%v4 + 200uvs + 260u1v; + 160uv + Yov?vy + 120007
+ 8u%v + 2uv®)wi + 4(20%vs + 6ouvs + 1lou vs + Yousv, + dousw
+ 300205 + 12000109 + 301}? + 4u?vy + Suugv + 3uvvy + u1v3)wg
+ 16075 + 8o (4u + 3v*)13 + 160 (3u1 + 5vv1) T2
+ (320uy + 640vvy + 4400} + 16u? + 24uv® + o)1
+ 4(20us + 4ovvs 4+ 60V V2 + 4uuy + duvvy + 3uv?)TH
— 4(ovs + uvy + u1v)f; — 4(ovs + uvy + u1v)fs — duif3 — 4uy 6.

3.2.8. Hamiltonian operators. In the conventional representation the operators Hy,
H> and Hj are of the form

D, 0
Hy = ( 0 Dm> ’
I, — vD, + v 2D,
2= 20D3 + 2uD, +uiwy vD, )’

40 D3 + (4u + v*) Dy + 2(u1 + vvy), 4vD, + 2vy,
H; = | 40vD3 + 60v1 D2 + 2(30vs + 2uv)D,  40D3 + (4u +v?)D,
+2(ovs + uvy + ugv) +2u,
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For nonlocal operators

Hll H12 Hll H12
H4 = <Hi21 Hi22> ’ H5 = (HZQI H222>

one has

Hi' = 120vD3 + 1600, D2 + (12005 + 12uv + v°*)w;
+ (4003 + 8uv;y + 6ugv + 3v?vy) — 201D, oy,
H? = 80D3 + 2(4u + 3v*) Dy + 2(2u; + 3vvy) — 2v1 D o vy,
Hi' = 80°D3 + 20(8u + 3v*) D2 + 60 (4uy + 3vv,)D?2
+ 2(80us + 9ovve + 6007 + 4u® + 3uv?) D,
+ (4ousz + 60vvs + 1200102 + Suuy + 6uvv; + 3uiv?) — 2uy Dt o uy,
H}? = 120vD2 + 2000, D2 + (160vs + 12uv + v*) D, + 2(20v3 + 2uv; + 3uiv)

-1 .
—2u1 D, ovy;

H}' = 160°D> + 80 (4u + 3v*) D3 + 160 (3uy + 4vv;) D2
+ (320us + 480vvy + 2800w} + 16u” + 24uv® + v*) D,
+ 4(20u3 + dovvs + 8ov ve + duuy + Suvv; + 3uv? + viu)
—4(uy + vvl)D;1 oup — 4v1D;1 o (ov3 + uvy + u1v),
H2? = 320vD2 + 480v, D2 + 8(40ve + duv + v*) D,
+ 4(20v3 + duvy + duyv + 3v%v;) — 4(uy + vvl)D;1 oV
—4uy Dt o (ug + vuy),
H2' = 320%vD> + 800%v, D} + 8a(140vs + Suv + v3) D3
+ 40(220v3 + 24uv; + 24uyv + v’ ) D2
+ 4(10021)4 + 200uvs + 260u1v1 + 160usv + 9ov3vs + 1201}1}%
+ 8uv + 2uv3)Dz + 4(2021)5 + 6ouvs + 1louivs + Yousvy + 4ouzv
+ 301}21)3 + 120vv1v9 + 301}? + 4uv1 + Suuiv + 3uvivy + u1v3)
— 4(ovs + uvy + ulv)D;1 oup) — élulD;1 o (ovs + uvy + uv),
H2? =160°D3 + 80 (4u + 3v*) D3 + 160 (3u; + 5vv;) D2
+ (320uy + 640vvs + 4400} + 16u” + 24uv® 4+ v*) D,
+ 4(20us + 4ovvs + 60v Vs + duuy + duvv; + 3uyv?)

— 4(ovs + uvy + ulv)D;1 ovy — 4u1D;1 o (u1 + vvy).

4. CONCLUDING REMARKS

We introduced here a practical method of constructing Hamiltonian structures
for evolution equations and systems of such equations. The method was tested on
two known examples and demonstrated good results.
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The quite extensive results in the second application (the Boussinesq equation)

demonstrate clearly how smoothly the algorithmic procedures work in the construc-
tion of conservation laws, symmetries, recursion operators, generating functions, S-

op

erators, and Hamiltonian structures.

ACKNOWLEDGMENTS

The second author is grateful to the University of Twente, where this work was

done.

1
[2
[3

[4

[5

(7

8

[9
[10
(1

[12

EN

REFERENCES

] A. M. Astashov and A. M. Vinogradov. On the structure of Hamiltonian operators in field
theory. J. Geom. Phys. 3 (1986) n. 2, 263—287.

] L. A. Dickey, L. A. Soliton equations and Hamiltonian systems. World Scientific Publishing
Co. Inc., River Edge, NJ, 1991, x+310 pp.

] I. Dorfman. Dirac structures and integrability of nonlinear evolution equations. John Wiley
& Sons Ltd., Chichester, 1993, xii+176 pp.

] A. V. Bocharov, V. N. Chetverikov, S. V. Duzhin, N. G. Khor'kova, I. S. Krasil’shchik, A. V.
Samokhin, Yu. N. Torkhov, A. M. Verbovetsky, and A. M. Vinogradov. Symmetries and Con-
servation Laws for Differential Equations of Mathematical Physics. American Mathematical
Society, Providence, RI, 1999. Edited and with a preface by Krasil’shchik and Vinogradov,
Translated from the 1997 Russian original by Verbovetsky and Krasil’shchik.

] P. Kersten and I. Krasil’shchik. Complete integrability of the coupled KdV-mKdV system.

arXiv:nlin.SI/0010041 (Advanced Studies in Pure Mathematics, Mathematical Society of

Japan, 2002, to appear).

P. Kersten and A. Sorin. Bi-Hamiltonian structure of the N = @ supersymmetric « = 1 KdV

hierarchy. arXiv:nlin.SI/0201061

] I. S. Krasil’shchik and P.H.M. Kersten. Symmetries and recursion operators for classical
and supersymmetric differential equations, Kluwer Academic Publishers, Dordrecht, 2000,
xvi+384 pp.

] I. S. Krasil’shchik and A. M. Vinogradov. Nonlocal trends in the geometry of differential
equations: symmetries, conservation laws, and Bicklund transformations. Acta Appl. Math.,
15 (1989) no. 1-2, 161-209.

] B. A. Kupershmidt. The variational principles of dynamics. World Scientific Publishing Co.
Inc., River Edge, NJ, 1992, xviii+422 pp.

| F. Magri. A short introduction to Hamiltonian PDEs. Fifth Workshop on Partial Differential
Equations (Rio de Janeiro, 1997), Mat. Contemp. 15 (1998) 213-230.

] A. M. Vinogradov. Hamiltonian structures in field theory. Dokl. Akad. Nauk SSSR, 241
(1978) n. 1, 18-21, (English translation: Soviet Math. Dokl. 19 (1978) n. 4, 790-794 (1979)).

] A. M. Vinogradov. The C-spectral sequence, Lagrangian formalism, and conservation laws. L.
The linear theory. II. The nonlinear theory, J. Math. Anal. Appl. 100 (1984), 1-129.

UNIVERSITY OF TWENTE, FACULTY OF MATHEMATICAL SCIENCES, P.O. Box 217, 7500 AE
SCHEDE, THE NETHERLANDS
FE-mail address: kersten@math.utwente.nl

THE DIFFIETY INSTITUTE, INDEPENDENT UNIVERSITY OF MOSCOW

CORRESPONDENCE TO: 1ST TVERSKOY-YAMSKOY PER. 14, APT. 45, 125047 Moscow, RUSSIA

E-mail address: josephk@diffiety.ac.ru



