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1 Introduction

The mean of a production process variable can be controlled by an individual control chart
where an alarm is produced when a new observation exceeds some upper or some lower control
limit. The standard Shewhart X-chart based on the assumption of normality of the observations
takes as control limits p + 30 with p and o the normal mean and standard deviation involved.
The probability p that the limits are exceeded during in-control (when indeed the observations
come form a N(p, o?)-distribution) is called the false alarm rate and equals here 0.0027. For
convenience, in the following we focus on the one-sided case with an upper control limit; the
two-sided situation can be treated in a similar way.

When normality fails (as often is the case in practice) the actual false alarm rate may be
completely different from the prescribed one, see e.g. Albers et al. (2004). In order to get a false
alarm rate p, the upper control limit should in general be taken as the (1—p)**-quantile of the in-
control distribution of the observations. In formula, an alarm is produced when X > F~1(1—p),
where the random variable X denotes the new observation and F its (continuous) distribution
function (df), when the process is in-control. Typically, p is very small and hence, when F'
is completely unknown, estimation is hardly possible on the basis of earlier, so called Phase I
observations when they are not very numerous. For instance, for p = 0.001 a number like 200
for the number of Phase I observations is (far) too small to seriously estimate F~1(1 — p) in a
nonparametric way.

A solution might be to switch to grouped observations with group size k, say, and to estimate
the convolution quantile involved by the corresponding sample quantile. To see the advantages
(or disadvantages) of such an approach we have to study the behavior of the sample quantiles of
convolutions. In fact we come across two extensions compared to classical results about sample
quantiles. Firstly, we deal with convolution sample quantiles and secondly, we do not consider
(only) fixed p, but p, tending to 0, thus expressing that small values of p are particularly of
interest. The first extension is treated in Choudhury and Serfling (1988), see also Arcones
(1996). The extension to p,’s tending to 0 seems not yet to have been done and is one of the
main topics of the present paper.

The df of a convolution sample quantile can be linked up with the empirical df of the
convolution (see Lemma 1 in Section 2), which in turn can be considered as a so called empirical
df of U-statistical structure, see e.g. Silverman (1983). For fixed p asymptotic normality
of convolution quantiles holds, see (2.5) in Choudhury and Serfling (1988). We extend the
asymptotic normality to p,’s tending to 0 at a suitable rate. It is well-known that for classical
sample quantiles asymptotic normality remains true provided that np, tends to infinity. On
the one hand, when taking convolutions more terms come in, in the sense that the number of
(generalized) order statistics is much larger. Or, in other words, that the number of terms in the
empirical df of the convolution is much larger. On the other hand, the terms in that U-statistic
are dependent. More terms are in general favorable for asymptotic normality, but dependence
has a negative influence. In contrast to the situation with classical sample quantiles, the range
of py’s for which asymptotic normality is obtained for k£ > 2 depends on the underlying df
F'. For instance, when k = 2 and F' is the exponential distribution, np,/logn should tend to
infinity, while np,+/logn — oo suffices when F' is the standard normal df. So, for k > 2 both
smaller and larger ranges of admissible p,’s than for £ = 1 occur.

For k = 1 the empirical df multiplied by n converges to a Poisson distribution when its
expectation np, tends to a positive constant. Surprisingly, this property does not generalize
to k > 2. Although its expectation converges to a positive constant, the empirical df of the
convolution multiplied by (Z), as a rule still degenerates in the sense that the probability that
the empirical df is exactly equal to 0 tends to 1. Asymptotic degeneration at 0 even may occur
for p,’s for which the expectation of (Z) times the empirical df converges to infinity.

In fact, the expectation of (Z) times the empirical df is, in contrast to suggestions in litera-



ture, not the natural parameter to look at. It turns out that the results of Silverman and Brown
(1978) on Poisson limits for U-statistics cannot be applied here. The asymptotic convergence
in probability is fully determined by lim, .o, nF (t,/k), where F' = 1 — F. We get asymptotic
degeneration at 0 when this limit equals 0, convergence to oo when this limit equals oo, and in
between a (non-standard!) limit distribution may occur. For instance, when F' corresponds to
the exponential distribution this limit distribution is not a Poisson distribution, whatever the
value of limy, oo nF (t,/k).

Exact inequalities on the distribution of the empirical df of the convolution are obtained by
using Markov, Chebyshev and Bernstein inequalities.

The paper is organized as follows. In Section 2 notations and definitions are presented and
the link between the df of the sample quantiles of the convolution and that of the empirical
df of the convolution is obtained. Section 3 is devoted to asymptotic normality. The main
tool is a Berry-Esseen bound given in Friedrich (1989). In this way sharper results are derived
than when we should apply convergence results in weighted sup-norm metrics for the empirical
df of U-statistical structure, cf. Silverman (1983). An asymptotic measure of tail dependence
introduced by Embrechts et al. (2002) is refined. The results are exemplified by working out
them in detail for the normal and exponential distribution. Section 4 concerns the convergence
of (2) times the empirical df as described above. Again the results are exemplified by the normal
and exponential distribution. In the final section Markov, Chebyshev and Bernstein inequalities
are presented.

2 Notations, definitions and preliminaries

Let X4, ..., X,, be i.i.d. r.v.’s with continuous df F'. The df of the convolution X7 +... + X}
is denoted by Fj. It is assumed that k is fixed and, keeping the applications to control charts
in mind, typically it is rather small, like 2,3,4,5. Write F}, = 1 — F},. Define the empirical df
of the convolution based on the Phase I observations X1, ..., X;, by

Fion(2) = Ci) S (X e+ X, <), (1)

1< << <n

where 1(A) = 1 if A holds and 0 otherwise. Note that F,, can also be considered as the empirical
df of U-statistical structure, cf. e.g. Silverman (1983), with kernel h (z1,...,x;) = x1 + ... + k.
For a df @ its inverse G~! is defined by

G7Y(t) =inf {z : G(z) >t}

and we write
—1

G (t)=G6"11-1).

The p'" upper quantile and p* upper sample quantile of the convolution are defined by

fk:p = F}Zl(p), gk:p = F];?;I: (p):

respectively. When ), is known, an alarm is given for Phase II observations Xy, 41, ..., X4
when X, 11 + ... + Xypr > &kp, yielding a false alarm rate equal to the prescribed p. Since in
general {, is unknown we estimate it by &p. Simply plugging in this estimator leads to an
estimation error. Therefore, we apply a correction to it: we take aﬂq for some suitable ¢, to be
determined later on. The prescribed false alarm rate will depend on n and therefore we write for
it pn. Similarly, we write ¢, in case of the corrected sample quantile. This gives the following
procedure. An out-of-control signal is given when

X1+ oo+ Xty > Eng, -



Hence, the (conditional) false alarm rate (given Ekqn) equals

Py =P, (qn) = P (Xn+1 o X > Ekqn) —F, (&qn> .

Note that the (conditional) false alarm rate P, is no longer a number, but a r.v. We want to
study the distribution of P,.
Because F' is continuous, all (z) values of X;, + ...+ X;, with 1 <141 < ... <4 < n are

different w.p.1. We denote them by X((f)) forj=1,..., (2) with X((f)) < X((g)) < .... Then we
obtain R ®

S0 = X))
with [z] being the entier of x. The following result entails an expression for the df of P,, thus
linking the df of the sample quantile of the convolution with the df of Fy,, the empirical df of
the convolution.

Lemma 1 Forall0<n<land0<qg<1

P (Py(q)>n) =P (E (Fe' () <

Proof. Since for each df G it holds that
G(z)<n <= <G (n)

and hence B .
Glz)>n < z<G (n),

weget forall0<n<landO0<g<1
P (Py(a)>n) = P (Fi (&) > 1) = P (& < i ().

Moreover, we have w.p.1, for all z € R,

(k) (k) J (k)
X(j) <z <= X(j) <<= B = Fyp (X(j)> < Fip ()
—1- -1 > Fin (2)

and therefore

as was to be proved. m

We are interested in the asymptotic distribution of P, (g,) with g, tending to 0 as n — oo,
while the interesting values of n are n = n,, = p,(1 + &) for suitable ¢, > 0. In particular, we
want to have, for some (fixed) 0 < a < 1,

lim P (P, (qn) >pn(l4+¢p)) =

n—oo

This is the so called exceedance probability approach. It ensures that the probability with which
values of P,, occur that are too unpleasant (that is more than a factor 1 + &, larger than the
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prescribed false alarm rate p,) is not large (o« = 0.1, say). For a more detailed discussion on
this criterion, see Albers and Kallenberg (2004a, b), Albers et al. (2002).

For obtaining limy, oo P (P, (gn) > pn (1 +€,)) = @, we can in view of Lemma 1 equivalently
require

n—oo

lim P (F,m (F,;l (pn(1 + an))) < Ejn) — , with §, =
We study the asymptotic distribution of F,, (t,) and apply this for ¢, = F;l (pn(1+en))-

Remark 2.1 Consider k = 1. We then have P, (¢,) = F1 (E\lqn) =F (X(n_,,n)) with r, = [ngy).

The distribution of F (X(n_m)) is the same as that of Uy, 1), being the (7, + 1)th order statistic
of a sample of uniform r.v.’s. A similar (simple) connection with uniform distributions does not
seem to exist for k > 2.

3 Asymptotic normality

From its definition, see (1) it is seen that F, (t,) is a U-statistic with a kernel depending
on n. We introduce the following notation

{50 (Y2 = P (X1 4+ Xo 4 o+ X > 6, X1 + X5 + o+ Xf > 1) — {Fr (1)), (3)
where X1, Xs..., X, X3, ..., X} are i.i.d. random variables with df F'. Furthermore, let

(X1 4+ X > 1) — Fi (t)

b (X1, ey X ) = o ()
n n

and denote its projection by

~ Fk—l (tn — X ) — Fk (tn)
i (53 tn) = B (b (X, o0, X5 80) | X = 27) = n

sn (tn) ’

then B _

Ehy (Xjit,) = 0, var (hn (X;: tn)) =1 (4)
Writing

Z Z Z17 Zka tn)
1<21< <ip<n
we get i .
Fkn (tn) - Fk: (tn)
T, (t,) = 5

and thus

In order to establish asymptotic normality we cannot use (directly) limiting results for U-
statistics, since our kernel depends on n. Therefore, we rely on a Berry-Esseen bound given by
Friedrich (1989), but see also Remark 3.2. For the sharpness of the Berry-Esseen bound see
Bentkus et al. (1994). Our notation is linked up with the notation in Friedrich (1989).

Theorem 2 Define

= - 3
Yo =n"V2E Fi1 (tn ;n)(il:)_ Ey, (tn) : (6)
T _ rql/r



Then there exists a constant C € R, such that for 5 3<r<?2

1 1/3 2/3
<C (70@ + Trnl?’/%o/n%) rm T ”4/370,/n V3.3/2n | 5

P (%T (ta) < m) ~ () -

where ® denotes the df of the standard normal distribution. The estimate remains true for r = 2
if 1/(2 —r) is replaced by logn.

sup
rzeR

Proof. We apply the Berry-Esseen bound given in Theorem 2.1 (a), (c) of Friedrich (1989).
We apply it for the case of U-statistics and use the arguments of Remark 5 in Friedrich (1989).
We have

(Zj) {Fk—l (tn — Xj) —Fy, (tn)}

E T, (tn) | Xj] (om (tn)
_ kFpa(ta — X)) = Fi (tn)
n sn (tn)
= O (X tn).
n
In view of (4) we obtain
ET, (t,) = 0 and var ZE [T (tn) | X5] | = P

j=1
It is now immediately seen that vy and <; in Friedrich (1989) boil down to our 7g, and
n—1/2 (n1/2’70n)1/3 n=1/3 /
Write for j =1, ..

, respectively.

Xj = (X1, ooy X1, X1y ooy X))
and for 1 <j <m<n,
Xim = (X1, ooy X1, Xt 15 ooy X1y Xt 15 0y Xn)
Timn (tn) = E [T (ta) [X;] + B [Ty (tn) | Xm] = E [T (ta) [ Xjm] ,
D [T (tn)] = T (tn) — Tjmn (tn)

Then ] _

Djm [Ty (tn)] = v > Bjmn (Xiys oo Xigs tn) 5

1 << <<,
gym €{i1, ..., i}

where, writing F; for taking expectation w.r.t. X; and Ej,, for taking expectation w.r.t. Xj;
and X,,,

hjm,n (Xilv"'aXik;tn) :hn (Xil,... szv ) Eh ( IR sz7tn)
_Emhn( 117---asz7 )+E]mh ( Q19+ Xithn)-

Employing Minkowski’s inequality and inequalities (for r > 1) like
‘Ejhn (Xilv oy Xyt )‘ < {E ’h (X i1y e iy )‘} < Ej ‘h ( 1) ""Xik;tn)yrv

we get (for r > 1)

4(273)

{EDjm [T (t)]]"}" < (’;)2 (B |hyy (X1, s Xps o) [}
k

k—1) [Fr(ta) {1 = Fr (ta)} + {1 = Fi (t)} {F (tn }}1/’“'

n(n — 1) Sn (tn)




Application of Theorem 2.1. in Friedrich (1989) completes the proof. m

In Embrechts et al. (2002) an asymptotic measure of tail dependence is introduced as follows.
Let Y7 and Y5 be r.v.’s with df’s G; and G3. The coefficient of upper tail dependence of Y; and

Y5 is lim,) o P (Yg > @2_1 (m) Y1 > @1_1 (77)) Here we are interested in the tail behavior of such
conditional probabilities as well. Let S, = X1 + Xo + ... + X}, 5] = X1 + X5 + ... + X and
N = Fy (t,). We may write, see (3),
{sn(t)}> =P (X1 4+ Xo+ oo+ X > tn, X1 + X5 + . 4+ X) > 1) — Fi (£0)?
——1 v =1
= P (8> T () 1% > i () 1 =

When the coefficient of upper tail dependence of S, and S} equals ¢ > 0, S and S are
called asymptotically dependent and {s, (t,)}*> = (na(1 + o(1)). Here we often come across
asymptotic independence and a more refined analysis is needed, taking into account the rate at

WMle(Sk>?§40mHSZ>j§40MD1£mkto&IfP(Sk>lemmL$ﬁ>F;%mﬁ)Eof
order g(n,) for some function g, we call g the upper tail dependence rate of Sj and S};. More
precisely, g is the upper tail dependence rate of Sy and Sj if

—=—1 v —=—1
P (k> Fi' (m) IS¢ > Py’ ()
0 < lim
n—0o0 9(1n)

< 0.

Example 3.1 Let & = 2 and consider for F' the standard normal df ®. Let (X,Y) have
a standard bivariate normal distribution with correlation coefficient p. Then application of
well-known results on Mill’s ratio gives for ¢t — oo, —1 < p < 1,

_ 1=
PW>ﬂX>ﬂ:U+M®G-ﬁ$>U+dm. (7)
A detailed proof of (7) when —1 < p < 1 is given in the Appendix. For p = 1, (7) obviously
is true. Interpreting the right-hand side of (7) as 0, the result continuous to hold for p = —1
as well. (Note that on page 199 in Embrechts et al. (2002) it is incorrectly suggested that the
factor (14 p) in (7) should be 2.) Moreover, writing ¢ for the standard normal density, we

obtain ( 12 )
N A WA C
M = Fa(t,) =@ <ﬁ> = orim, (I1+0(1)).

Hence, we get with g (1) = n'/?|log 77|_1/3

— 1 . =1
r (52 > Fy (nn) S5 > Fy (nn))

lim
n—00 g (1)
P n 5 n
~ im (S2 > t,]S5 > tn)
n—00 g (1)
3% (t_n>
— lim 2" \v6) — 33/29-5/3,.-1/3
n—oo g (1)

Therefore, in case of normality, g (1) = 1'/3 |log 77|_1/ 3 is the upper tail dependence rate of Sy
and S3.

Example 3.2 Let £ = 2 and consider for F' the exponential df with parameter A = 1. Direct
calculation gives

Tin = F2(tn) = (1 + tn) e_tn’
P(Sy > t,, 585 >t,) =2 tn — ¢ 2n



and hence

. _ -1
lim P (S2 >y (m)|S5 >y (mn)) lognal

n—oo

= lim P (Sy > tp]55 > tn)ty, = 2.
n—oo

We conclude that for the exponential distribution g(n) = |logn| ™! is the upper tail dependence
rate of So and S55.

Corollary 3 Letn, = F(t,) and let g be the upper tail dependence rate of Sy, and S}.. Suppose
that

E|Fp_1(tn — X1) — Fi (tn)|3 =c"g" (n) (L4 0(1)) for some c* > 0. (8)
Assume that
M o
9(m) W,
M Amng ()} g™ ()} = O(1), 9)

mi{g* ()}t =0(1).

P <@Tn (ta) < a:) — 3(2)

Then
sup —0

rzeR k

for those t, such that
1/2 " () {nng (7771)}_3/2 — 0.

Proof. Since g is the upper tail dependence rate of Sy and S} and n,/g (,) = o(1) implying
777% =0(1ng (nn)), we have

{5n (tn)}? = g (nn) (1 4 0(1)) for some ¢ > 0.
Hence, in view of (6), we get
0n =12 g (1) {erng (1)} (14 0(1))
Varn = 2" {mng ()} % (1 + (1))

for some ¢ > 0. Using (9) we easily obtain

w0 = O (o)

ni/3 70,/n 73,3/2,;n = O (7o,n)

and thus, by Theorem 2,

sup | P
zeR

=0 ('70,%) .

<%Tn (t) < :c) — B(x)

Because Yo, — 0 iff n=12¢* (n,,) {nng (1)} ~3/? = 0, the proof is complete. m

Remark 3.1 It is easily checked that Corollary 3 continuous to hold if (8) is replaced by

- = 3 - = 3
E\Fip_q1(tn,—X1)—Fi (1 E|\Frp_q(tn,—X1)— Fi (1t
0 < lim inf | k-1 (b Y k(n)‘ < lim sup ‘ k-1 (b V) k(n)‘

< oo. (10
n—o00 g* (M) n—00 g* (nn) 10)



Similarly, the condition that g is the upper tail dependence rate of S, and S}, may be replaced
by

—1 " —1 —=—1 % ——1
P(Se>TFy' () 1S5 > Fi' () P (Se>Ty' () 1S5 > Ty ()
0 < liminf < lim sup

< 0.

In order to get an idea for which p,’s we get asymptotic normality we consider the following
examples.

Example 3.3 Let £ = 2 and consider for F' the standard normal df ®. From Example 3.1 we
know that g(n) = n'/3 [log 77]_1/3 is the upper tail dependence rate of Se and S5. Next it will
be shown that (10) holds with

g* () = n/? log (na)| ~*/*.

Let 6 > 0 be a sufficiently small constant. Then we get for some constant ¢; > 0 (noting that
the o(1)-terms occurring in the integrals do not depend on )

FE |Fk_1 (tn — Xl) _Fk‘ (tn)|3
—E \wn - X)) -® (2‘1/ 2tn) \3

(14+8)3tn/4
z/( (B (tn — )}’ (14 0(1)p(x)da

1-6)3t,, /4
(146)3tn /4 _ 3
:/ {M} (1+ o(1))p(x)dz
(1-6)3tn /4 th —
, (148)3t,, /4
> clt;?’e_?’tn/g/ ©(2x — 3ty /2)dx
(1-6)3t, /4

= eyt 3e 308 (1 + o(1)).
On the other hand, we have
E ‘6 (th — X1)—® (2_1/2tn) ‘3
< B{® (tn— X0)} + {T (271%t) }3
— E{®(t,— X))}’ +0 (t;3e—3ti/4)

and, for some constant cy > 0,

(1-0)tn

E {3 (t, — X)) g/_ (B (1 — 1)) p(a)de + B (1 — 6)t)

o0

(1-8)tn
< (5tn)"? / o (b —2)Y pla)da + O (171e-0-D1212)

—00

2
< C2t;36—3tn/8/

—0o0

(1-0)tn
(22 — 3t,/2)dz + O (t;16—<1—6>ti/2) ,

Noting that for some constant cs > 0,
t %305 = ey} log ()] /" (1+ (1)),

the result follows.



Since ny, |log (n,)| — 0, it easily follows that the conditions of Corollary 3 hold and hence
asymptotic normality is obtained for those t,, such that

n 26 () {mng (na)} 2% — 0.

That is when
i [log (1) |"/? — oo

Taking 1, = pp(1 + &,,) with &, bounded, asymptotic normality holds when

nlLr&npn |10gpn|1/2 =00 or p, = 71\;172@ with a,, — co.
Example 3.4 Let £k = 2 and consider the exponential distribution with parameter A = 1. From
Example 3.2 we know that g(n) = [logn|™" is the upper tail dependence rate of Sy and Ss.
Direct calculation gives

g* () = 1 [log (1) -
Since 7y, |log (nn)| — 0, it easily follows that the conditions of Corollary 3 hold and hence
asymptotic normality is obtained for those t,, such that
—3/2

* — 0.

n 29" (1) {ng ()}

That is when
ny, [log (nn)’_l — O0.
Taking 1, = pp(1 + €,,) with &, bounded, asymptotic normality holds when

NPn __aplogn

with a, — oo.

It is seen from Examples 3.3 and 3.4 that compared to k = 1, where asymptotic normality
is obtained when lim,,_, ., np, = 00, a relaxation in the sense of a larger range of p,,’s for which
asymptotic normality holds is possible (Example 3.3) as well as a restriction to a smaller ranges
of admissible p,’s (Example 3.4), depending on the df of the observations. Note that this is in
contrast to k = 1, where the range of p,’s leading to asymptotic normality does not depend on
F (other than through p, itself).

Remark 3.2 Another potential way to derive asymptotic normality for Fy, (t,) is an appli-
cation of convergence results in weighted sup-norm metrics for the empirical df of U-statistical
structure, cf. Silverman (1983). Obviously, convergence of the supremum over ¢ implies conver-
gence at each sequence t,,. Invoking Theorem A of Silverman (1983) gives

02 {Froy (8) — Fp (8)} — ks (82) W*
N
= 1/2
{Fk (tn)} /
where W* has a standard normal df and lim; g v (¢) = 0. Equivalently, we get

v (F tn)) Sn (In n *
i (S =) o "

As a rule we have s, (t,) = o ({Fk (tn)}1/2>, see also Examples 3.1 and 3.2, and, moreover,

v (Fk (tn)) 0,

v (t) — 0, implying that (11) in general is a much weaker result than Corollary 3. Indeed, the
convergence results in weighted sup-norm metrics for the empirical df of U-statistical structure
are less tailored to our situation here than the Berry-Esseen bound.

Next we apply the asymptotic normality to get asymptotic exceedance probability equal to
a, cf. (2).

10



Theorem 4 Let n, = p,(1 +¢,) = Fy(t,). Suppose that for some ¢ > 0

P (Si>Fy' (0)15; > Fy' (m)

lim =c,
n—00 9(n)
— — 3 — — 3
E\Fi_1(t,—X1) - Fy (t, ) E\Fi_1(t,—X1) - Fy (t,
0 < timing EIFEt o= X0 “Fu ) B[P o= X0) = Fel
Assume that
Tin
=o(1),
gy Y
M (g (0))"° {g" ()} % = O(1),
mdg” ()} ' =0(1),
02" (110) {nng (ma)} 2% = 0(1),
n? g () — oo.
Let .
tn =D (1+€n) — kn 2 {enng ()} 2@ (), (12)
then

lim P (P, (qn) > pn(1+¢p)) = a.

n—oo

Proof. Application of Corollary 3 (see also Remark 3.1) gives

(L5, ) <) - 009

sup — 0,

reR

where, in view of (5),

Hence, by Lemma 1, see also (2),

lim P (P, (qn) > pn (1 +¢5))

= lim P (Fen (Fi' (a1 +20))) <)
= lim P (Fin () < dn)

n—oo

= lim P (Tn (tn) f Gn — pn(1 +€n)>

w5 S (1)

= lim ® (_n n p”(1+5”)> = qa,
k Sn, (tn)

since, using 3! () = o1 (a),

n gn — pa(l+en)
k Sn (tn)
Vi kn~Y2 {enag (na)}? @71 () + 0 (n7F)
k femg (m)}/2 (1+ o(1))
=07 () (1+0(1)) + O (0™ Y2 {31, ()} /%)
o

11



This completes the proof of the theorem. m

Remark 3.3 For k = 1 we get (assuming only np, — o0)

Gn=pn(L+en) —n Y2 {p, (1 +2,)}2T " (a),

which coincides with (12) when taking £k = 1 and ¢ = 1,g = 1. Note that, given p,, for k = 1
the correction to get the asymptotic exceedance probability equal to v does not depend on the
df F, while for k > 2 it does, since g and ¢ depend on F. As a rule g (7,) tends to 0 and hence
the correction term for k& > 2 is smaller than the one for & = 1. In fact, the factor k {cg (nn)}l/ 2
expresses the gain when taking the convolution chart instead of the individual chart.

Example 3.5 Let £k = 2 and consider for F' the standard normal df . Assume that lim,, s
pnny/logn = oco. The conditions of Theorem 4 are checked in Example 3.3, except for the
additional condition n?*~1, g (n,) — co. (Note that ¢ = 3%/2275/3771/3 see Example 3.1.) It
is easily seen that this additional condition also holds. Therefore the asymptotic exceedance
probability equals «, when taking

Gn = pn (1 + 20) — 2Y/933/47 =100 =122/ log 1, | /9T (). (13)
For instance, when taking p, = n~! and ¢, = 0, this yields
Gn = Pn {1 — 21/633/47=1/6 (p1og ) ~1/0 [ (a)} .

The gain when taking the convolution chart with & = 2 instead of the individual chart is a
1/6

reduction of the correction term with a factor 21/633/47=1/ 677,}/ 0 [log |~
Example 3.6 Let £ = 2 and consider the exponential distribution with parameter A = 1.
Assume that lim,, . ppn (log n)_1 = oo. The conditions of Theorem 4 are checked in Example
3.4, except for the additional condition n?*~15,g (17,) — oco. (Note that ¢ = 2, see Example 3.2.)
It is easily seen that this additional condition also holds. Therefore, the asymptotic exceedance
probability equals «, when taking

_ _ -1
Gn = P (1 +2,) — 252072 2 log | V2T (). (14)

For instance, when taking p, = n~! (log n)2and en = 0, we may take

oo =0 {12 g 2T ().

The gain when taking the convolution chart with & = 2 instead of the individual chart is a
reduction of the correction term with a factor 23/2 |log 77n|_1/ 2,

Remark 3.4 Some improvement can be made in the theorems and the corollary of this section
by the following argument. Asymptotic normality of a sum of r.v.’s may be destroyed when
a few terms are much larger than the others, see the well-known Lindeberg-Feller condition.
Here this may occur through some large value of one X;, giving a lot of indicator-terms in
Fjp, () the value 1. On the other hand, the probability of getting such a large value is small.
In particular, let u,, satisfy

lim nF (up) =0,

n—oo

then
lim P(max X; §un> =1.

n—00 1<i<n

12



E" 1<i<n

P (S 0 < o) = P (2T 1) < 0 o X0 < ) o)

—p (%Tn (tn) < 2| X; <y for all 1 <i < n) +o(1)
and we may replace in all the conditions F' by the df of X given X < u,,. We shall come back
to this u, in the next section (see Remark 4.3).

4 Convergence of (Z) F,

The empirical df of X, ..., X,,, defined by F,(t) =n~1 Y% | 1(X; <), has a limiting dis-
tribution that is completely elaborated: when nF(t,)F(t,) — 0o, we get asymptotic normality
for the standardized F;, or F',,; when nF'(t,) — 0, we get that nF',(t,) converges in probability
to 0 and in between, when nF(t,) — c the limiting distribution of nF,,(t,) is the Poisson dis-
tribution with parameter ¢ and similarly for nF),(¢,). In the previous section we have seen that
asymptotic normality for Fy,(t,) can be established under certain conditions on t,, which may
lead to a larger or smaller range of admissible F(t,)’s than for the empirical df of X7, ..., X,
itself.

In this section we will start with investigating a possible Poisson limit for (Z)F;m(tn) For
getting a Poisson limit distribution one would guess that the following condition should be
required

lim (Z)Fk(tn) =c (15)

n—oo
for some ¢ > 0, implying

lim (Z) EF,(t,) = c.

n—oo

Note that for k£ = 1, indeed condition (15) gives the Poisson limiting distribution. In Silverman
and Brown (1978) the problem is attacked by looking more generally at U-statistics. They
write (page 816) that the Poisson limits of their paper complement the normal limit theo-
rems for U-statistics. It should be expected that the most obvious example, taking as kernel
1(z1 + ...+ > t) leading to (1—) the empirical df of the convolution, should be covered by
their results. Unfortunately, it turns out that this is not the case. Assuming (15), as a rule the
dependence condition in their paper is not satisfied. It reads as

NP IP (X)X >, Xi 4o+ X1 + X7 > 1) — 0, (16)

where X7i,..., Xy, X[ are iid. r.v.s with df . Take for instance k¥ = 2 and F' = .
Then Example 3.1 shows that P (X1 + ...+ X, > 6, X1+ ...+ X1 + X} > t,,) is of order

{Fk(tn)}4/3 |log (Fi(tn)) |_1/3 and hence (15) implies
NP (X 4 o+ X > b, Xy F oo+ X1 + Xf > t,) — 00

When taking the exponential distribution, Example 3.2 shows that under (15) again (16) does
not hold. In this light it is remarkable that Silverman and Brown’s dependence condition is
called "a mild condition" in Dabrowski et al. (2002).

One may ask whether not getting a Poisson limit distribution by Theorem A in Silverman
and Brown (1978) is due to the method of proof and conditions of that theorem, in the sense
that the result still might be true under a weaker condition. In fact, as we will show, this is
not the case: the obvious generalization of the Poisson limit for nF,,(t,) to a similar result for
(Z)F’m (t,,) usually does not come true.

13



The next theorem gives the limiting behavior of (Z)F;m Firstly, it is seen that the limiting
behavior is not determined by (Z)Fk (tn), as suggested in literature, see (15). Surprisingly, this
promising quantity is not the natural parameter to look at. In fact, the suitable parameter
is (the even more simple!) quantity nF (t,/k). Note that both can be seen as extensions
of nF,(t,); indeed, both coincide with nF,(t,) for k = 1. Secondly, the theorem gives a
picture of the limiting behavior of (z)F/m (tn), similar to the one for £ = 1, in the sense that
according to the limit of nF (t,/k) being 0 or infinity, we get convergence in probability to 0
or infinity. The theorem and the examples following it, show that for ¢,’s satisfying (15) the
limiting distribution of (Z)F/m(tn) degenerates at 0, although its expectation is strictly positive.
Moreover, it is exemplified that when the limit of nF (¢,/k) is between 0 and infinity we get a
non-degenerate limiting distribution, but not a "standard" one and hence, in particular not a
Poisson distribution.

Theorem 5 We have .
(Z)F;m(tn) L 0< lim nF (f) -0 (17)

k n—o0 k

< >F;m —>01&P<<Z>Fkn(tn) :0) 1

and

Proof. Note that

We have
()Pt =0)
=P(Xi, +...+X;, <tpforall 1 <i; <..<ir<n)
=P (X + o+ X () S tn)
and hence , .
n n\— n
Since

) (or()

n
lim <1 - F (t—”>> =1<«= lim nF
n—oo k n—oo

it now immediately follows that
. = (tn\ _
g (z) B

lim P ((Z)F,m(tn) _ o) _
Fll)> >0
n w ) = ,

implies

On the other hand, if

14



then

SO -
o \J/)\n n
ko e
<> = (L+o(1))
=0 7
and hence
. n\—
nh_)rgoP <<k>F;m(tn) = O) =1
implies

— [ty
lim nF (2 ) =0.
()0
This completes the proof of the first part of the theorem.
It is seen from (18) that lim, o, P ((2) Frn(tn) = 0) = 0 implies lim,, o P (X(n) < tn/k) =
0 and hence lim,, o (1 - F (tn/_k:))n =0 and thus lim,, ..o nF (t,/k) = cc.
Next assume that limy,_,.o nF (t,/k) = oo. For each integer A > k we have

n\— A
Xn—a+1) > tn/k = <k>Fk:n(tn) > (k:)

Because lim,, .o, nF (t,/k) = oo holds, we get for each integer A > 0
A : i
. n\ [+ (ta\ ta\ 1"
iGN () (R)) =
7=0
and hence, for each integer A > k, we obtain

lim P (X(n—A—H) > tn/k) =1

n—oo

and thus, for each integer A > k,

(= ()

which completes the proof of the second part of the theorem. m

Remark 4.1 In fact the last statement of Theorem 5 can be extended to

<n>7m(tn) e lim P <<n>7kn(tn) = 0) =0< lim nF (t—"> = 00.
k n—00 k n—00 k

This is easily seen from (18) noting that

. In) . —=(tn\ _
nh_)rgoP <X(n) < ?) =0& nlLr&nF <?> = 00,
. ln . = (tn
nll)rgoP Xn—kt1) < 7= 0& nlLrglonF =)= 00.

Therefore, every limiting distribution of (Z)F;m (t,,) should have positive probability mass at 0.
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Example 4.1 Let & = 2 and consider for F' the standard normal df ®. Assume that
lim,, o0 n%p, (log n)—l/2 = 0. As before, p,(1 +¢,) = Fa(t,) = ® (2_1/2tn) with &, bounded
and hence lim,,_,o n2® (2_1/2tn) (log n)_1/2 = 0. Since

. n2® (2712, 1/2
D (%ﬂ) _ <M) (1+0(1)),

wl/2t,

it is easily seen that lim,,_,.c n?® (2_1/2tn) (log n)_1/2 = 0 implies lim,, oo n® (t,/2) = 0. Ap-
plication of Theorem 5 yields that lim, ., n?p, (log n)_l/ 2-0isa necessary and sufficient
condition to get a degenerate limit distribution of (S)an(tn) at 0. In particular, for p, = n=2
and €, = 0 the limiting distribution of (S)F%(tn) is not a Poisson distribution, but it degener-
ates at 0, although (15) holds with ¢ = % This shows that the presumed generalization of the
convergence to a Poisson distribution for £ > 2 does not come true.

Example 4.2 Let £ = 2 and consider the exponential distribution with parameter A = 1.
Assume that lim,, ., n?p, (log n)_l = 0. Here we have p,,(1+¢,) = Fa(t,) = (1 +t,) e and
hence, again assuming that &, is bounded, we get lim,, o n%t,e " (log n)_l = 0. Since

— [t t
nkF (;") = nexp <—5n>

B n2t, exp (—ty,) 1/2 logn 1/2

a logn tn ’
it easily follows that lim,, ., n%p, (log n)_l = 0 implies lim,, o nF (t,/2) = 0. Application
of Theorem 5 yields that lim,, . n2p, (lo_g n)_l = 0 is a necessary and sufficient condition to
get a degenerate limit distributi_on of (g‘) Fo,(ty) at 0. In particular, for p, = n2ande, =0
the limiting distribution of (3)F2,(t,) is not a Poisson distribution, but it degenerates at 0,

although (15) holds with ¢ = % Again this shows that the presumed generalization of the
convergence to a Poisson distribution for £ > 2 does not come true.

Remark 4.2 When showing that convergence in probability does not imply convergence of
moments, many textbooks give examples of the type: take a r.v. with probability 1 — n~!
at 0 and probability n~! at n. Such examples may look artificial, but Examples 4.1 and 4.2
are "real" examples with the same flavor: probability mass tending to 1 at the point 0 and
expectation equal to % Both for the normal and for the exponential distribution p,, can even
be chosen such that (g)an (t,,) converges in probability to 0, while its expectation converges
to oo.

Remark 4.3 Let u,, satisfy

lim nF (u,) =0, (19)
n—oo
implying that lim, . P (maxj<i<p X; < up) = 1. As noted in Remark 3.4 we may restrict

attention to X < u,. By an obvious adaptation of the proof, convergence of (Z)Fkn(tn) to 0 in
probability continuous to hold when condition (17) is replaced by

lim min{nf (%) :j=0,...,k—1} — 0. (20)

n—oo

Condition (20) seems to be a weaker condition than condition (17), since of course

Enl tn_.n . En tn
min § nF i 7=0,.., k=1, <nF|—|.
k—7 k

16



However, assuming (19), condition (20) and condition (17) are in fact equivalent, since for any

j=0,.,k—1
t th — 7
oz min {an, P}

Therefore, restricting to X < wu, gives no improvement. Indeed, no improvement could be
expected, because (17) is a necessary and sufficient condition.

The following example illustrates the behavior of (})Fy, (tr,) when limp, oo nF (t,,/k) = ¢ >
0.

Example 4.3 Let £ = 2 and consider the exponential distribution with parameter A = 1.
Assume that limy, oo nF (t,/2) = ¢ > 0. We have, writing f for the density,

(-

=P (X1 + Xy < tn)

_p<x(n1 ) (X t—”,X(n_1)+X(n)>tn>
PO Q) P& [ o oo T

(21)

Using lim, oo nF (t,/2) = ¢ > 0 we obtain

s {r(5)) =i -r(5)) = 22
i (O (S 7 (%) = g e {17 (5)) = e

Next we use the particular form of the distribution here, that is of the exponential distribution,
to find the limit of the integral in (21). We get

tn/2 .
/ n(n — 1)f(2) {F(@)}"2F (tn — 2) dz (23)

_Ootn/2 ,
= / n(n—1)e ™ (1—e")" "da.
0

Substitution of y = ne™* gives

tn/2 ,
/ (1 — e_x)n_ dx
0

SO

For all n > ny > 4 we have ne /2 > ¢/2 and (1 — %)n_2 < (1 — %)n/2. Hence, for n > ny we
get

-2
v (1 - g)n 1 (ne‘t”/2 <y< ")
n
n/2
<yt (1 — 2) 1(c/2<y<n) <y e ¥?1(c/2<y<o0),
n
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which is an integrable function. Application of the dominated convergence theorem yields

)
lim 1 Q)” dy

n
1 (
=00 Jnexp(—tn/2) n

and therefore

Combination of (21) — (24) gives

— 0 oY
lim P ((Z)an(tn) :0) —e(1+0) —02/ %dy.

00 o=y 00
02/ —dy < c/ e Ydy = ce” €,
(& y Cc

lim P <<"> Fon(tn) = 0> >e°
n—00 2

and therefore the limiting distribution is not the Poisson distribution with parameter c.
Furthermore, we get

()

= P (X(n-2) + Xm) < tns Xn) + Xm) > )
=P (X(n_Q) < tn/2,X(n_1) > tn/2) - P (X(n_g) < tn/Q,X(n_g) + X(n) > tn)
+ P (X(n—l) < tn/Q,X(n_l) + X(n) > tn)

Because

we obtain

and in a similar way as above we arrive at

Tim P <<Z>En(tn) - 1>
2 2

_C (. _ € (o_ 2 c
=S¢ (c 1)+2(2 c)/c dy.

Writing

jo(©) = Jim P () Fantt) =0) i) = tim 2 ( ()Pt =1)

it turns out that for all ¢ > 0

fi(e) < fole) {=log (fo(c))}

and hence, whatever the parameterization and whatever ¢, the limiting distribution is not a
Poisson distribution.

Summarizing the results of this section, we see that asymptotic degeneration of (Z)Fkn(tn)
at 0 appears iff lim,_,oo nF (t,/k) = 0, that a non-degenerate limit distribution may come up
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when lim,, o nF (t,/k) = ¢ > 0, and finally we see that lim,, . nF (t,/k) = oo is equivalent
to convergence in probability to co. In the latter case a standardization is conceivable leading
to a non-degenerate limit distribution. Indeed, under suitable conditions asymptotic normality
can be achieved as is shown in Section 3.

The Examples 3.3 and 3.4 show that not the whole range given by lim,, ..o nF (,/k) = oo
is covered by the results on asymptotic normality. Let & = 2. For the standard normal distri-
bution lim,, .. npy, (log n)l/ 2 = o0 ensures asymptotic normality, while lim, o n® (£,/2) = o0
corresponds to lim,, .o n2p,, (log n)_l/ 2 — 0. In case of the exponential distribution asymptotic
normality is guaranteed if lim,_,o np, (log n)_l = 00, while lim,, oo nF (t,/2) = oo is equiv-
alent to lim,, .o n2p, (logn) ™' = co. Whether another standardization leads to a (standard)
non-degenerate limit distribution for the remaining p,,’s is unknown. In view of the sharpness of
the tools used in Section 3 it is doubtful that (with the natural standardization used in Section
3) asymptotic normality can be extended to a larger range of p,’s.

5 Exact inequalities
Exact inequalities may be used to get the exceedance probability at most equal to «, that
is
P(P,(qn) >pn(1+4¢n)) <a.
In view of Lemma 1 we can equivalently require

P (Fin (Fi (pu(1460))) <) < @, with G, = [G)an]

(%)

The following theorem is based on the Markov and Chebyshev inequalities. Write 27 =
max(z, 0).

Theorem 6 Let - _
Un = (1 +20) = Fin (B (a1 +20)))

For any r > 0 and
1/r
Gn < pn(l+en) - BE ({Urf}’")} (25)

it holds that
P (F,m (F,;l (pn(1+ sn))) < ?jn) <a.

In particular, if

Gn < Pall +en) — \/lmr (Fin (Fi" a1 +20)))), (26)

@
then o
P (Fra (Fe' (a1 +2) < @) <a (27)
Proof. For any r.v. Z we have
E({zt}
P (Z > t) < %

for any r,t > 0. Application of this inequality with Z = U,, and t = p,(1 + &,,) — ¢, yields

P (Fin (Fi' 0n1 +20) <)

=PU, >pn(14+¢e)—qn)
E({U;})

T (pn(L+en) —qn)" —

)
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where the last inequality follows from condition (25).
By taking r = 2 and using F ({UJ’}?) < E (U2) = var (Uy), it immediately follows that
(26) implies (25) with r = 2 and hence (27) holds. m

Let Xi,..., Xy, X{, ..., X} beiid. r.v.’s with df F. For any 1 < j < k define
hjp(t) =P (X1 4+ ..+ X+ Xj+ o + X > 6 X0+ + X+ X+ + XG> 0)

and
o2, (1) = @§:< )( ) (s (1) = {F ()} -

In view of (3) we have

hue (8) = {Fr ()} = {5 ()}

Moreover,
i (8) = Fip (t) — {Fk (t)}2
and hence sn—2) 5
3, () = nn=1) {sn ()} + mF2 ) {1-F2(t)}
Corollary 7 Let t, = F;l (pn(1+€n)). If
E]Vn < pn(l + 5n) — Okn (tn) éa (28)

hen
t P (F,m (F,;l (Pn(1 + sn))) < ?jn) <a

Proof. By Lemma A on page 183 of Serfling (1980) and some direct calculation it is seen that
- [(=-1
var (Fk:n (Fk: (Pn(1+ €n)))) = 0 (tn) -
The result now immediately follows from the last part of Theorem 6. m

In the following examples we compare the correction terms obtained from Corollary 7 with
those from Theorem 4.

Example 5.1 Let £k = 2 and consider for F' the standard normal df ®. Writing 7, =
pn(1+¢e,) =Fa(t,) =@ (2_1/2tn) with e, bounded, it is shown in Example 3.1 that

{sn (tn)}? = 8%/227 =130/ log | 712 (1 + 0(1)),

implying

T () = 2 Lo )} 4 o {1 )

— 39201/ 113 [log | V2 (1 + (1),

provided that lim,, .on>p, |log pn|_1 = oo. If lim, o n%p, (log n)_1/2 = 0 we get (g)an(tn) L

0 (see Example 4.1) and therefore we assume further on that liminf, o n2p, (logn) "2 > 0
(implying limy, oon®py, [log pa| ™ = 00). Inequality (28) now reads as
1
G < (1 + €) — 33/421/07=1/6, 7112203 16, | 1/ \ﬁ (1+ o(1)). (29)
a
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(Note that we may replace g, by ¢, here, since n=2? = o(n_1/27772/3 llog 7| ~%/%).) Comparison
with Example 3.5, in particular with (13), shows that the correction term is of the same order,

but that the constant differs: & ' (@) is replaced by a~'/2. This is obviously no surprise in
view of the way both equations are derived, taking into account that 4n~!{s, (t,)}> is the
dominating term in O'%n (t,,). However, here there is no restriction on p,,, apart from the obvious

condition liminf,, . n2p, (log n)_1/2 > 0.

Example 5.2 Let £ = 2 @d consider the exponential distribution with parameter A = 1.
Writing 7, = pp (1 +&,) = Fa(t,) = (1 +t,) e~ with &, bounded, it is shown in Example 3.2
that

{Sn (tn)}2 — 2e—tn _ e—Qtn _ (1 + tn)2 €—2tn
=2 (1+0(1))

= 20y, [log 7| (1 + 0(1))
and hence

() = 2t L ()Y + = {1 )

= 8n_177n llog nn|_1 (1+0(1)),

provided that limn_,oonllogpn]_1 = oo. If limy—oo n2pp (logn)_1 = 0 we get (g)an(tn) Lt
0 (see Example 4.2) and therefore we assume further on that liminf, ., np, (log n)_l >0
(implying limy, o7 |log pp| ! = 00). Inequality (28) now reads as

_ 1
G < (1 + ) — 2820712012 |log |71/ \/g(l +0(1)). (30)
(Note that we may replace g, by ¢, here, since n=2? = o(n_1/27771/2 llog 7| ~1/%).) Comparison
with Example 3.6, in particular with (14), shows that the correction term is of the same order,

but again of course the constant [ () is replaced by /2. Here there is no restriction on
Pn, apart from the obvious condition lim inf,, .., n2p, (log n)_l > 0.

Remark 5.1 Similarly as in Remark 3.2 some improvement can be made here by replacing F
by the df of X given X < u,, where u,, satisfies

lim nF (u,) =0,

n—00
and thus

i P (g X0 <) <1
Note that in applying Chebyshev’s inequality in this situation, the starting point is no longer

pn(l+e,) = Fy (F;l (pn(1+ sn))), but (the smaller) Hj, (F,:l (pn(1+ En))), where Hy, is the
df of the convolution of k r.v.’s each with as df the df of X given X < w,.

Next we consider some Bernstein type inequalities. The most well-known is due to Hoeffding
(1963), see also Serfling (1980) page 201, and reads in our case as

P (Vn{Fun(t) = Fi(t)} = z)

= oxp {_% [Fe(t) (1 — Fr(t)) + 31 (1— Fr(t)) an /2] } '
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Arcones (1995) page 240 rightly remarks that the "variance-term" Fj(t) (1 — Fj(t)) appearing
here does not coincide with the variance of the limiting normal distribution, see also Corollary 3.
Indeed, in our situation {s, (t)}? is usually of a lower order than Fy(t). Therefore, Hoeffding’s
inequality is not appropriate for our application. Fortunately, Theorem 2 of Arcones (1995)

gives a Bernstein-type inequality with Fj(¢) (1 — F(t)) replaced by {s, )}

Theorem 8 For all x > 0 and t € R, we have

(Lo <)

2
< 2exp {—2 + {263k (n — 1)=1/2 4 (2/3)n=1/2} & {5, (£)} } : (31)

Proof. By definition of 7,, we have

F (%T”(t) = _f”) = P (Vi {Fralt) - Fe()} < —wks, (t)).

Application of Theorem 2 in Arcones (1995) (with the factor 4 replaced by 2, since we have a
one-sided inequality) gives the result, where we note that in (2.10) in Arcones (1995) one should
read 2mT3m™ 1 instead of 2 2m™ and m instead of m~!. =

Corollary 9 Let t, = F,;l (pn(1+en)). If

Lim 1 {sn (tn)}* = o0, (32)
then, for all z > 0,
P (%Tn(tn) < —x> < 2exp (-%ﬁ) (1+0(1)) (33)
as n — oo. If moreover
G0 < Pu(l+20) =50 (Fi (pu(1+20))) kn~"/2y/2]ln(a/2]], (34)
" timsup P (Fp (Fy (a1 +20))) <) < (35)

n—oo

Proof. The first result easily follows from Theorem 8, since (32) implies
{23k (= 1) 4 (2/3)n 72 @ s ()} = 0(1)
as n — oo. Writing t,, = F,;l (pn(1+€n)), we have
— (=1 -
P (Flm (Fk (pn(l +5n))) < Qn)
NG

<P TTn(tn) < —v/2|In(a/2)|

and (35) follows from (33). m

To shed some light on the benefits of the Bernstein inequality (Corollary 9) compared to
Chebyshev’s inequality (Corollary 7) and the asymptotic normality (Theorem 4) we consider the
examples of the standard normal and exponential distribution. Condition (32) may be rather
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restrictive, see also Examples 5.3 and 5.4. On the other hand, if limy, .00 1 {5, (£n)}> = 0, clearly
the inequality is not very useful, because in that case we should take z = x, tending to infinity
(at the rate n=1/2 {s, (£)} ).

Example 5.3 Let k = 2 and consider for F' the standard normal df ®. Let &, be bounded. As-

sume that lim, oo 1 {sp, (7&,1)}2 = 00, or (see Example 3.1), equivalently, lim,, . np;l/ 3 |log pn\_l/ 3

= oo. For those p,,’s Chebyshev’s inequality gives as correction term, see (29),

_ _ _ 1
_91/633/4,-1/6,, 1/2772/3|10g77n| 1/6 \/;'

Asymptotic normality yields as correction term, see (13),
—21/633/47r_1/6n_1/217,%/3 llog nn‘—l/ﬁ 3! ().

Bernstein’s inequality implies the correction term, see (34),

—~21/033 451 O™l log [0 /2 [In(a/2)].
We have for 0 < a < 0.23
\/g > /2[In(a/2)| > ' (a)

and hence Bernstein’s inequality gives some improvement w.r.t. Chebyshev’s inequality in this
(restricted) range of p,’s.

Example 5.4 Let k£ = 2 and consider the exponential distribution with parameter A = 1. Let
en be bounded. Assume that lim, .o n {s, (t,)}> = oo, or (see Example 3.2), equivalently,
limy, .0 1y, |log pn\_l = oo. For those p,’s Chebyshev’s inequality, asymptotic normality and
Bernstein’s inequality give the same correction terms apart from the factors Va1, \/2[In(a/2)|

and o' (c), see (30), (14) and (34). Hence, similarly as in Example 5.3, Bernstein’s inequality
gives some improvement w.r.t. Chebyshev’s inequality in this range of p,’s.

Appendix Proof of (7)

Let (X,Y) have a standard bivariate normal distribution with correlation coefficient p,

—1 < p < 1. Then Y|X = z has a normal distribution with expectation px and variance 1 — p.

Hence,

t— px

P(Y > t‘X > t) = {E(t)}_l /toog <\/17——p2> QD(CU)CZZL'
_ {6@)}_1/001 (t=po=vi)® (ﬂ> o (z) do

—}—{5(7&)}_1 /tool (t—p:v < \/5)5 (t_i> ¢ (z)dx.

We use the following well-known properties

lim sup y® (v) — 1‘ =0,
IO >y ¢ (y)
.
im 22E+I

X
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for any j,c > 0. Firstly, we show that

We have, for —1 < p <1,

10 [ = (ﬁ

=<1+p>@(ﬁ> (1+0(1))

=(1+p @ <t %Z) (1+0(1))

and

/tt+1{tg1—pp)1(t pr > Vi) - (1+p)} Jﬁ@(%)dfc(lw(l))
t+1 T — pt 5 1-
:0(/t ¢1—p2(’0(¢1—p02>dx>:0<¢<t ﬁ))’
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while

/Oj{tgl_—p/;2)1<t—px> ) 1+p} 11_p2<p<%>dx(1+0(1))‘
1 T —pt

/ { \/Z 1 (t ) ’1 +,0‘} \/1—_—102(,0 <\/1———p2> dLL‘ (1 +0(1))

é{x/+]1+p\ < — ot 1 )(1+0(1))

(1) o

This completes the proof of (7).
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